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A few years ago I read through Arnold’s classic, made extensive notes for myself
and gave solutions to many of the problems in the text. Recently I came across my
old notes, and thought it would be beneficial to some students and interested readers
to share these. In my notes below “text” refers to Arnold’s book; references are given
as x/y, where x stands for the line number(s) (with < 0 counting from the bottom
of the page excluding footnotes and captions of illustrations) and y stands for the
page number(s). For longer notes z/y signifies the start of the respective passage.
As always with first drafts, typos and errors are nearly unavoidable. Comments,
notes, additions are alays welcome; please do not hesitate to send them to gtoth
camden.rutgers.edu.

Part I: Newtonian Mechanics

-3/12 PROBLEM. We assume that the stone has unit mass. (See the footnote on p.
11 of the text.) Let r be the distance of the stone from the center of the earth, r
the radius of the earth, and M, the mass of the earth. r is a function of time ¢ with
initial conditions r(0) = r and 7(0) = v,. The equation of motion is

GM,

r2

e

Multiplying through by 7, we have

Lo\ . .
. T T r
rT-r= (5) = _GMGT_Z = —gT’(Q)ﬁ,

where GM, /r3 = g is the magnitude of the gravitational acceleration vector g on the
surface of the earth, g = |g|. Since we are looking for the second cosmic velocity,! we
have lim;_,, 7(t) = 00, and we can integrate on [0, 00) as

L[ 2y L ooy2 Ly 2 [T7 o [ dr 2 1
5/0' (T)dt:—ﬁr((]) :—§U2:—g7"0 ; T—th:—gro . ﬁ:_g,ro%:_gro’

where minimality of vs is used in lim; ., 7(¢) = 0. Hence, we obtain

vy = /2970 &~ /2 - 9.80665 - 6,378,000 m/sec ~ 11,184.52625 m /sec.

-3/18 PROBLEM. The total energy is

L.

~i*+U(z) = E.

2

L“The first cosmic velocity v; is the velocity of motion on a circular orbit of radius close to

the radius of the earth.” (See 7/41 in the text and also below.) The second cosmic velocity vy
is the minimum velocity of motion on a straight line that extends infinitely far from the earth.




Hence J
— =i =+V2AE-U(@)),

where the positive sign indicates motion in one direction with x increasing in t.

Inverting, we obtain
dt 1

dr  \J2(E—Ulx))

Integrating, we arrive at

2 dx
wh= | Ty

-3/19 PrROBLEM. Expanding the potential energy U at the maximum &, we get

U = V() + U@ -6+ @4

Now, U(§) = E, U'(§) = 0 (as ¢ is a critical point), and U”(£) < 0 (since at £ the
potential energy U attains maximum). With these, we calculate

i’ =2E-Ulx) =-U"E)(z—&*+---
(See -3/18 abve.) Hence

&=V =U"(E)(x = §).

But & = y, so that the equations of the tangent lines are

y =+£V=U"(§)(z—9).

1/20 PROBLEM. Let 21 < x2 be the (consecutive) intersection points of the closed
phase curve with the x-axis. As the region enclosed by the phase curve is symmetric
with repect to the first axis, by the definition of the integral, we have

1 T2 T/2 T/2
55 = / ydx:/ yx'dt:/ yv/2(E — (U(x)) dt
x1 0 0
T/2

- i 2(E—(U(a:))dt—/x2 V2(E - U(z))dr,

where we used the fact that the direction of the motion is positive. Differentiating
under the integral sign with respect to F, we obtain

ds *2 dx



On the other hand, by the problem at -3/18 above, we have

T *2 dz
2 / 2(E —Ux)

Combining these, we arrive at

ds
—
dE

5/20 PROBLEM. Using the expansion of U in problem at -3/19, we have U'(z) =
U'(€)(x— &)+ -, where U"(§) > 0 since U attains minimum at . Linearizing the
differential equation governing the motion at (£,0) we thus obtain

&= —U"(&)(x - §).

The (shifted) solutions x—¢ are linear combinations of cos(y/U”(£)t) and sin(1/U" (£)t)
with period
2m

VU (&)

7/24 PROBLEM. The solution of the system in Example 1 at -5/23 can be written

as
T cost sint 0 0 c1 c1 Co
1 —sint cost 0 0 Co Co ) C1
y = . = cost +sint
To 0 0 cost sint C3 C3 Cy
Yo 0 0 —sint cost Cy Cq —c3,

where conservation of energy gives 2Ey = 23 + 235 + vy + y2 = ¢} + 3 + 3 + 3. This
level surface 7y, is the 4-sphere in R* with radius /2Fj and center at the origin.
The vectors in the linear combination on the left-hand side of the equation above are
orhonormal. Hence the phase curve is a circle with center at the origin. Scaling, we
may asume 2Fy = 1.

14/24 PROBLEM. Introducing complex arithmetic, we have
21 = 21 +iy; = (c1 +icy) cost+ (cy —ic))sint = (¢ +icy)(cost+isint) = e (c; +icy),
and similarly

2y = X9 +iys = (c3 +icy)(cost +isint) = e (c3 + icy).



With the identification R* = C?, (cy, 9, ¢3,¢4) = (21, 22), we have 2Ey = |2 > + | 22|?,
and for the “Hopf map” we obtain
2wty et

w = = " == ; E (C.
29 Ty + 1Yo C3 +1Cq

This shows that, under the Hopf map, every phase curve is mapped to a point. In
addition, the pre-image of a point is a single phase curve. Indeed, z1/z0 = z|/2}
implies 21/2] = z3/2, = XA € C, and |21 > + |22|* = |21> + |24|* (21, 22, 21, 25 # 0, 00),
gives |\| = 1, that is A = e for some ¢t € R.

Note that C plus the point at infinity co can be identified with the 2-sphere S? via
the stereographic projection h : S — C (from the North pole (0,0,1)) whose inverse

is given by? , -
z Z —
hi(z) = e C.
=) (|zr2+1’|zr2+1)’ :

Substituting z = z; /29, we obtain

h_l (ﬁ) _ ( 22’1/22 ‘21/22‘2 — 1) _ ( 22’122 |21’2 — ‘22‘2)
2 |21/ 22 + 17 |z1/2? + 1 21 + 22 |21 7 + |22

= (221527 ’Zl|2 - ‘22’2) eCxR= R37

since we set 2Fy = 1 (7/24). This gives the usual representation of the Hopf map
S3 — S% associating to (z1,22) € S® C C the point (2212, |21]* — |22|*) € S? C
CxR=R3

12/30 We have

(F,dS) = @(r)(e,.dr) = ®(r) (=, dr) = @(r) — -3(r)

-6/31 In coordinates e, = (cos ¢, sinp) and e, = (—sin g, cos ¢).

2/32 Indeed, by the above

e = gb(—SiHQD,COSQO):QbGSD
€&, = —p(cosy,sinp) = —pe,.

12/34 Here we use the lemma at the bottom of page 31.

2See Toth, G., Glimpses of Algebra and Geometry, Second Edition, Springer NY (2000), Section
7, p. 88.



-10/34 Strictly speaking, we assume here that r increases with ¢ so that the square
root is positive.

8/37 PROBLEM 1. Under the substitution x = M/r, the effective potential energy
V(r)=U(r) + M?/(2r*) becomes

lW@—V(%)—U(%)+§.

With the differential do = —Mdr/r?, the apsidal angle is

Tmax 7‘ 1/ ZTmin Tmax

roin V/2(E =V (r emax \V/2(E —W(x emin V2(E—W(z

¢ =

13/37 PROBLEM 2. The derivative of the effective potential energy with respect to
"=d/dris V'(r) = U'(r) — M?/r®, and therefore the equation of motion is

F=—V'(r) = —U'(r) + —

Letting x = r — ry, we expand the right-hand side at x = 0 and obtain

B o= V(o) = V() V(= V(o) 4
M? M?  3M3
- —U’(w+ro)+m:—U’(r) U”(’f’o)ﬂﬁ%-ﬁ—r—éx‘i‘
3M? 30U’
= —(U”(ro)—i- 1 )x+-~-:—<U"(ro)+ (TO))I—F

where V'(rg) = U'(rg) — M?/r3 =0 as r = ry is a circular orbit.
The linearized equation is

&= —=V"(ro)r = — (U”(T‘O) + 3U,(TO)) T = 10U (ro) +3U"(ro) .

To To

The circular orbit = rq is stable if V" (rq) > 0, or equivalently, if roU" (1) 43U (rg) >
0. Assuming this, the period of oscillation for = and hence for r = ry + x is

T:2—7r:27r "o

VV"(ro) roU"(ro) + 3U"(ro)

The apsidal angle ® is the amount by which ¢ increases from a maximum to the
consecutive minimum. This happens in 7'/2 amount of time. Moreover ¢ = M /r? ~




M/r3 = \/U'(ro)/ro, so that

(I):,Z% M T

. U/ 7’0
N To T T'oU// 7”0 + 3U/(7’0)
U/

’I"

\/3U’ T[)) TQU”(T())

15/37 PROBLEM 3. Clearly, @, is independent of rq if and only if rU"(r)/U’(r) is
indepedent of r, or equivalently, r(In|U’(r)|)’ = f for some constant § > —3 (our
condition of stability is > and U’(r) > 0 for r near ry). Hence (In|U'(r)|) = 8/r, and
therefore In |U’(r)| = Blnr + B. Adjusting the last constant, this gives U’(r) = br®
(b = +eP). Hence, for B # —1, U(r) = X1 /(B +1) = ar®, a > =2, # 0
(¢ =pF+1,and a = b/(B + 1)), and for § = —1, U(r) = bIn(r) (adjusting U by
a constant). In both cases, we obtain ®u, = 7/y/F + 3 which is equal to /v + 2
with @ = 0 in the second case. In particular, the first two values of a for which all
bounded orbits are closed are for « = —1, U(r) = a/r, and we have &, = 7, and,
for « =2, U(r) = ar?, and we have @, = 7/2.

-7/37 PROBLEM 4. The original setup for the effective potential is

2

M
V(T> U( ) + ﬁ < E T'min S r S T'max; V(Tmin> - V(Tmax) = L.

In Problem 1 above we used the substitution x = M/r. With this we have

M M 2
W(l’) =V (?) =U <?> + % S E, Lmin S x S Tmax, W(xmin) - W(xmax) = E7

where Ty = M/rpax and Tpax = M /Tin.

We now introduce yet another new variable y via * = yZp.. With this z,, =
YminTmax, S0 that Ymin = Tmin/Tmax and Ymax = 1. With these, we define W*(y) =
W (Y Tmax) /2., and obtain

2
. Y 1 M FE . . FE
w (y) = 3+ZL’2 U (yxmax> S 22 ) Ymin S Yy S 1a W (ymin) =W (1) = 2



From Problem 1, the apsidal angle becomes
! Linax Ay / ' dy

o — -
ymin V2(E =W (Y Zmax)) Ly \/2< E _ 1 W(yxmax))

1 dy
v V2V (1) = W(y))’

Note hat the integral is improper at both end-points 9/,,;, and 1.

Assume lim, ., U(r) = oo. In the setting of Problem 3 above this gives U(r) = ar®,

a,a >0, or U(r) = blog(r), b > 0.

Assume now that £ — 0o so that xp.c — 00.

In the two cases above we have

1 M M~
U( ) - 4 a>0a>0,

T2 Lmax Zha 7

1 M blog M log z

. U( ) L )
x max Lmax x max Imax

Both of these converge to zero as x., — 00. Hence, we obtain

: w1

sV =3
Thus, since W*(y) < W*(1), Ymin < y < 1, the left-hand side is bounded as F — oc.
On the other hand, W*(1) = E/z2,_, so that limg ., E/22, = 1/2, and hence

limg oo W*(Ymin) = 1/2 follow. Now, as E — oo, we also have ypyi, — 0.
For fixed y > 0 in

1 M aM*
I?naXU<y$max) = —yo‘x?;gg" a>0, a>0
1 M blog(M 1 max
I _ _ blog(M/y)  logz S
T 1211ax yl‘ max vy 1211ax T 1211ax
As before, both coverge to zero as xy.x — 00, so that we have
y?
Aim Wiy) ==, y>0.
Finally, for the integral, we have
. ! dy / ! dy
lim =
00 Jy 204 (1) = WH(y)) - Jo /2(1/2 - 42/2)

/2
dt ==,
2



where we used the substitution y = sint and dy = costdt. We finally arrive at

lim ®(FE, M)

Bovee / V2 () - Wi y) 2

1/38 PROBLEM 5. The graph of the effective potential is as in Figure 34 on p. 38.

As E — 07, we have r;, the r-intercept of the graph, and ry,., = co. For the first,

we have k/rmm = M?/(2r2. ) which gives r2.7 = M?/(2k). These give &y, = 0 and
228 = 2k /MP. Note that the latter also follows from

max

vk e\ Y kY
o= (B -5
(y) 2 x?nax M 2 ﬁﬂj?n_ag
by setting ymax = 1 as
1 ko1 E
W*(1) == =
( ) 2 Mﬂ xmax xrznax7

and letting &/ — 0~. With this, we have
2 B
% Y Y
— 7 _ 7
Wi y) =5 =3

We thus obtain

1
‘I’OZEILIQ‘D:/O \/%:27:5'
As for the computation of the last integral, we substitute
P =u? and dy=2/(2-p) - u¥* Py
(and follow up with the second substiution u = sint, du = cos dt). We obtain

-1

u2ﬂu26 s
du

/W 2—6/ Vi-a :235/01\/%:2_@-

-2/38 We use the substitution x = M/r and dr = —Mdr/r?, and integrate

B / (M /r?) x
v V2( E+k/T—M2/2T2 \/2E'—|—2kx/M—a:2
dx

VE + k2/M?) — (x — k/M)? /\/ 2—y?

Y M/r—k/M
= arccos ( = ) = arccos
<a> V2E + k2 /M?




where a = \/2F + k2/M? and y = x — k/M.

16/40 PrROOF. We provide some computational details in the proof of Kepler’s third
law: Let p = M?/k and e = /1 +2EM?2/k? (7/39). Then, noting that £ < 0, we

calculate
D M?/k k

T 1-e¢ 1-(1+2EM?/K?)  2/E|
(-3/39). Since e = va? — b?/a, we obtain

a

b—aVT == b JAEAE M
A V2B

Thus, since M /2 is the sectorial velocity, we arrive at

2mab 2 kM k a®/?

= —_—— :27‘(‘ :27'(' .
M M 2|E| V2|E| /2|E\3 Vk

7/41 PROBLEM. We use the notations and setup in -6/12: r = rq is a circular orbit,

GM, = gr2, and the angular momenum is M = ryv;. The equation of motion on p.
34 is

=

(5/34). For the circular orbit r = rg, we therefore have

GM, M?
2 T T3
7o To

or equivalently /roGM, = M = rov;. These give v; = /GM,./rq = \/gro. Combin-
ing this with the earlier formula vy = \/2gr¢ (-3/12 above), we arrive at vy = V205

11/41 PROBLEM. We let r =ro+r1,r0 =1, << 1, ¢ = @o+¢1, po = t, 1 << L.
Substituting » = 1 4 r; and ¢ =t + ¢, into the equations of motion (-1/33)

1
F—rp? = —— and 2r¢o+rg=0
r
we obtain

= (T+r)(1+¢)=— and 271 (1 +¢,) + (1 +7r)p, =0.

(1 —+ T1)2

Linearizing
%1-1-7"1-2@1:—14—27’1 and 27"1+§01:O,
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we obtain
1 =3r1 +2¢, and ¢, = —2r;.

The scaling factor due to our choices ro = 1 and ¢y = t is v1/10 = /gro/10 =
v/9.80665 - 6378000/10 = 790.8654355 . .. = 800, where v; is the first cosmic velocity
(7/41). With this, the initial conditions are r1(0) = ¢1(0) = ¢;(0) = 0 and 7,(0) =
—1/800. Letting x = ry, y = 71, 2 = ¢;, we obtain the linear system

T =y
) 3r + 2z
2 = _2y7

with the initial conditions z(0) = 0, y(0) = —1/800, z(0) = 0.
This can be easily resolved by observing that (2z + z)" = 0 so that 2z + z = C' = 0.
The system reduces to

T =y
R

with solution z = Asint, y = Acost and z = —2Asint, A = —1/800. Playing these
back to r; and ¢, we get

1 (t) = —% sint
r(t) = ~300 t
1
QOl(t) = mSint
(t) = —oscost
Y1 = 100 Cos 1,
and finally
(1) = 1— —sint
r = 1——sin
800
(1) = t—— cost
© = 100 €% b

with perigee 1 — 1/800 and apogee 1 4 1/800.

3/49 Assume we have a two point system r = (r;,r;) with F = (F;;,F;;) =



11
(Fij, —F;;). We calculate
wmvzt/m@w:/<mmmn+wwmm

ro ro

= [ -y - /pmmf—oayun—m@m

= [t =i = = [ st
OUij(|r; — 5])

O, —x,
I = ) T = fuey =,

Moreover

where he last but one equality is because

8|I‘i — I'j‘ _ @\/(I'Z — rj)(ri — I'j) r, — I'j

3I‘i ari N |I'i — I'J‘

9/50 The equations of motion are m iy = —9U/dr; and mats = —0U/Jry, where
U =U(|r;y — ry|). For r = r; — ry, the computation in 3/49 above gives

ov_ov __ov
8r_ar1_ 8r2'

miry + mely ) 1 oUu oU
my + Mo Mo + Mo 8r1 81‘2

which means that the center of mass does a uniform linear motion. Finally, we have

.. . . oU 3U oU
mimet = myma (¥ — o) = —mo— +my— = —(my + mg) — or’

81‘1 81"2

Note also that

or equivalently

3_U
or’

i=—

where
mimes
m=——.
my + me

Part II: Lagrangian Mechanics
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6/59: The change from Cartesian to polar coordiates gives @7 + i3 = 72 + r2p?, so
that, we have L, = v/7 + r2¢?, and hence

t1
(I)pol = / \/ 7;2 + 7’2@2 dt.
to
Here we have r = f(t) and ¢ = ¢(t). The Euler-Lagrange equations in polar coordi-
nates are
d (0L oL 0
dt \ Or or
d (0L oL 0
dt \ ¢ op

where L = L. Upon substitution, the first equation is

d P g
dt \ \/7? + r2p? /72 1 r2gb2'

For the second equation, we have

d r2o _0
dt ’/7'”2+T‘29'02 S

1
—C C eR.

NCERT Ry

We now use this to eliminate the radicals in the first equation above, and obtain

LR
dt \r2p*)

We seek the solution for this equation in polar form r = f(¢) with derivative 7 =
f'(¢)¢, where " = d/dep. Upon substitution, we obtain

%(%ﬁD:f@Y

Rewriting this in terms of differential forms

(75) = () =7t

which gives
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we arrive at

The solution is given by

1
—— =acosp+bsin(p), a,beR,
f(»)
or equivalently
1
r=flp) = acos g + bsin(@)

This is the equation of a line in polar cooordinates.

-2/60 EXxAMPLE 2. In polar coordinates ¢; = r and ¢, = ¢ we have I = re, + rye,,
where e, = (cos¢,sinp,0) and e, = (—sinp, cosg,0) (-6/31 and 2/32 above). The
kinetic energy 7' = (m/2)i? = (m/2)(7* + r?p?).

In a central field U(q) = U(q1) = U(r), and the Lagrangian is

m

L=1(q,9)=T(q,q) ~Ula) = 3

(7 + %) = U(r)

The generalized momenta p = dL/Jq in polar coordinates are

AT P00y T
The Lagrange equations p = 0L/dq are
: ou
. . .2 YUY
(mr)’ = mro o
(mr?p) = 0.

The second equation gives the law of conservation of the angular momentum
py = mrip = C.

In a non-central field U = U(r, ¢) the first Lagrange equation holds and the second
is

(mTQ@). =P2= 5
We rewrite this as follows. First, we calculate the angular momentum

M = m[r, 1| = [re,, e, + rye,| = mr2<p[er, e, = mripe, = pae.,
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where e, = [e,, e,] = (0,0,1). This gives

(Moo =i =5
On the other hand
%—gdr + g—gdap =dU = —(F,dr) = —(F,e,)dr — r(F,e,)dy
where we used dr = e,dr + re,dy. Hence
_g_g =r(F,e,) =r(F, e, e]) =r(e., e, F]) =r(le. Fl,e.) = ([re,, Fl,e.) = ([r, F, e.),

where [e;, e,| = e,. Combining these, we arrive at the following

(M,e.) = ([r,F|,e.).

The left-hand side is the rate of change of the angular momentum relative to the
z-axis, and the right-hand side is the moment of force relative to the z-axis.

-5/61 Let y = f(z) and assume convexity f”(x) > 0. By definition, g(p) =
F(p,x(p)) = p-x(p) — f(x(p)), where, for given p, the equation f'(z(p)) = p de-
fines x(p). Since

W)+ - S =g
we obtain? p if
P =) & )=

13/62 EXAMPLE 3. For f(z) = z%/a, we have f'(z) = 2% ! so that z(p)*! = p
gives z(p) = p'/(@=1. Using this, we calculate

a/(a—1) 1 X 5
o _ . 1/(a—1) _ P _ _ = = P
glp) =p-z(p) — f(z(p)) =p-p = (1 a)p To = 5

where 1/a+1/5 = 1.
3/63 CONVEXITY OF g. Differentiating (df /dz)(z(p) = p (-5/61), we obtain

%f'@:(p)) - f”(x(p))j—; ~1

3 Assume that the strict inequality is relaxed to f”(x) > 0. If, for example, f(z) = pox for some
po > 0 then ¢ has the domain {po} since f'(z) = po and f'(z(p)) = po = p.
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This gives
dr 1
dp  f"(z(p))
Using this, have
d*g  dx 1

@ dp e

Convexity of g follows.

13/63 GEOMETRIC INTERPRETATION OF G(z,p) = = -p — g(p). For fixed p, the
function G is linear in z and 0G/Jx = p so that

G(z(p),p) = z(p) - p— 9(p) = f(x(p)).

Now fix © = x¢ and vary p. Then, the values of G(z¢,p) for varying p will be the
ordinates of the intersection of points of the vertical line x = 2y and the lines tangent
to y = f(z) with slopes p. By convexity, these tangent lines are below the graph of
f. Hence max, G(x¢,p) = f(x) and the maximum is attained at p = p(zo) = f'(z0).
Hence, we obtain G(xq, p(xo)) = f(zo).

1/65: We write in a matrix form f(x) = (Ax,x), where A = (f;;);_; is a symmetric
positive definite matrix, A > 0, so that A~! is also symmetric and positive definite.
Since df /0% = 2Ax, by definition 2Ax(p) = p, so that x(p) = (1/2)A~'p. We now

calculate
£(x(p)) = (Ax(p), X(p)) = (44D, A"'D) = £(4'p, D),
and hence

g(p) = F(p,x(p)) = (p,x(p)) — f(x(p))

1 1
= §(p,A‘1p) — ;l(p,A‘lp) =

By duality, we also have
9(p(x)) = f(x).
(See also the lemma on p. 66 of the text.)

-8/66 To the proof of the theorem:

oL orT
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where the last but one equality is because U does not depend on ¢, and the last
equality is because T is a homogeneous function of degree 2; that is, we have T'(Aq) =
NT(q), N €R.

11/68: To the proof of Corollary 3:

d OH ., OH
_H / / — -/ '/: '/'/_ '/'/:
. d) oyl T g =1V -V 0,

so that H(p',q") = c.

-4/74 EXAMPLE 4. The first digit of 2" is m € 1,2,...,9 if and only if m - 10¢ <
2" < (m+1)-10¢ for some ¢. This condition is equivalent to log;, m+¢ < nlog;,2 <
log,o(m + 1) + ¢, or what is the same

log,om < (nlogy2) (mod 1) < logyg(m + 1).

Let I = [log;ym, log,o(m + 1)] C [0,1). Since log,,2 is irrational,* by the Equidistri-
bution Theorem,® we have

1 . . m+1
i {0 <. < ] (1o 2)anod 1) € 1)] = oyl -logsg(m) = o ).

n—oo M

Thus, m as the first digit of 2" occurs with frequency log,,((m + 1)/m). In partic-
ular, 7 occurs with frequency log,;((8/7) ~ 0.05799... and 8 occurs with frequency
log,,(9/8) ~ 0.05115.. ..

-8/77 If p : U — ¢(U) is a chart then the inverse map ¢! : ¢(U) — U will be
denoted by q = (q1, ..., q,) with component functions ¢; : o(U) - R, i =1,...,n.
This provides coordinates for points in the range ¢(U) of the chart.

-5/80: This is simply the chain rule applied to f;(¢(t)) = 0, giving (grad f;)(¢(t)) L
p(t),7=1,...,n—k, so that & = ¢(0) is tangent to M at x = ¢(0).

15/81 The definition of a tangent vector as an equivalence classe of curves in 3/81
is equivalent to the customary definition of a tangent vector at @ € M as a linear
differential operator & (satisfying the Leibniz property) acting on real functions locally
defined on M near x. The equivalence is given by a representative curve of the class
p(t) in M (with ¢(0) = x) acting on a function g on M by & - p = (d/dt)u(e(t))|i=o-
This, applied to the component functions ¢; of the inverse of a chart ¢ covering @

*log102 = a/b, a,b € Z, would imply 2°~¢ = 5
5See, for example, Toth, G., Elements of Mathematics — History and Foundations, Springer, New
York, 2021; p. 130.
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gives &€ - ¢; = (d/dt)qi(p(t))|i=0 = (dg;)(&§) = &. Hence the local components of
the tangent vector € are &, i = 1,...,n, and € € T,(M) corresponds to the vector

(&1,...,&) € R™

-6/85: We already derived the change from Cartesian to polar coordinates formula
i + % = 7% + r2p% With 7 = r(2) we have 7 = r,2 so that

P44 2= (14 1)2 4+ ()%
Moreover, for the inverse z = z(r), we have Z = 2,7, and hence

1‘;2 _|_y2 +22 — 7;2 _'_7,,2@2 4 Z?TZ — (1 +Z?)T2 _{_7,,2@2.

10/87 We calculate

P+ 92+ = (rcosqcos(wt)§ — rsin gsin(wt)w)?
+(r cos g sin(wt) ¢ + 7 sin g cos(wt) w)? + (—rsin g §)?

= r’w?sin® ¢ + r*¢*.

-3/87 The potential energy

AN’ AN?
V(q) = Acosq—Bsin*q = Bcos’q+Acosq—B = B <cosq + ﬁ) -B (1 + (—> )

has zeros at

cosq =

—AEVAT AR A (A 2+1
2B 2B 2B

and 4 in front of the last radical sign can only be positive because of the range of
the cosine. With this, we obtain

cosq—“
QB \/% +1+ 4

The citical points of V' are given by

oV
20 = —Asing — Bsingcosq = —sing (A + 2B cosq) = 0.
q
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The crtical points are ¢ = 0,7, 27 and, for 2B > A, that is, for A/(2B) < 1, these
are the only ones. For 2B < A, there are two additional critical points given by
cosq=—A/(2B) (> —1).

-9/88 PROOF OF NOETHER'S THEOREM. We have

_OL(®,®) 9L OP OL O P

0= s T 9q 0s  9q ot os

where in the last term on the right-hand side we interchanged the partial derivatives
0/0s and 9/0t. (As noted in the text, the partial derivatives are taken at ®(s,t) and
®O(s,t).) We now freeze s and replace L/0q in the first term of the right-hand side

using Lagrange’s equation 5 oL oL
i (5) = o

_o(oLyov oLov o (oLow
ot 0q ) 0Os aq otds Ot dq O0s )
Noether’s theorem follows.

Note. The lines 6-7/89 are superfluos. The box at the end of line 9/89 should be
moved to the end of line 16/89; and the word “Remark” should be suppressed.

and obtain

1/91 By definition, we have [ Ldt = [ Ly dr. The first integral is

dqg dt

Il = ]1 (Q7t7 Ea %) with I<Q7Q7t) = II<Q7t7Q7 1)

Since 0h*(q,t)/0s = (0,1), we have

dg dt oL, L,
L o= 1 B e Y N |
! 1(“’ dT’dT) odgjar) T alat/dr)

oL 1 1
= G+ L=—-P+-P-U=—|[=¢ - _F.
aqq—l— q—|—2q U <2q +U)

-1/91 The Lagrangian

L= %ka —U(x) — NU;(x),

so that R = mx 4+ 0U/0x = —NU, /0x = F(x).



-1/93 The variation calculates as

0P =0d(¢) = %@(x—ksﬁ) —% 0/1 (%(x—l—sﬁ)'Q—U(x—l—sE)) d
s=0 s=0to
0 by .2
= %s:o/to (5( + s€) —U(x+s£)) dt

t1 . t1 o
- [(xe-Gee)a—— [ (x+5) ea

14/101 Instead, we can write

oL

oL\ _or
oql.

- =0.
d0 8(:1

do

qo=0 and p,=

7/102 We have
a . b
T2 = §q2 and U2 = §q2

so that 5
a
Ly=Ty— Uy = =¢* — =¢*.
2 2 2 5 q 9 q

a oy _ou
dt\dq) 0Oq
reduces to aj = —bg; that is, § = —(b/a) ¢ = —w?.

Hence the Lagrange equation

-9/102 PrROBLEM. For the arc length, we have
ds _ |, oU
dr ox )~

. (ds\®  [ds\? [dx\? AU\ .,
v=|(—) =(— — ) =1+ (= .
dt dx dt Ox
3/103 PROBLEM. The arc length along the wire is

q(z) :/x: 1+ (g—g)zdz

Hence

19
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or equivalently

With this, we calculate

e (8 () (5 ()

In differential forms, we write this as

dg=/1+ (dU) dz.

In terms of the variable x, the Lagrangian is

L(z,i) =T —U(x) = % (1 + (3—5)3 i — U(w).

With ¢ this writes as
Ny
L(g,q) = 54" = V(a).
Here U(z) = U(z(q)) = V(q) (with = x(q), the inverse ¢ = ¢(z)), so that

1/1 d .
/ —l— dz Z

-9/103 PROBLEM. We have two quadratic forms (Aq,q) and (Bq,q), A" = A and
B! = B, such that A > 0, positive definite. For the simultaneous diagonalization
of A and B, we first consider the Cholesky decomposition A = L - L, where L is
a lower triangular matrix with positive diagonal entries p; > 0, ¢ = 1,...,n. Note
that, since det A = det L - det (L) = (det L)? = det (L?), the eigenvalues of A are u?,
i=1,...,n. Since A >0 and A" = A, L is unique.® With this, consider L™1B(L™!)*.
This matrix is clearly symmetric and hence diagonalizable: L~'B(L~!)t = UDU?,
where U € O(n) and D = diag (\1,...,\,) is diagonal with diagonal entries \; € R,
i=1,...,n. Finally, we set C = (LU)" = U'L'. With these, we calculate

A=L-L'=LU -U'L' = (LU) - (LU) = C"- C,

60ne can also use A'/2 instead of L; we define AY/2 = UD'Y?U*, where A = UDU?, U € O(n),
and D is a diagonal matrix.
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and

B:LU~D.UtLt:(LU)~D-(LU)t:Ct~D.C.
Hence

(Aq,q) = (C'Cq,q) = (Cq,Cq) = Z Q7
and

(Ba,q) = (C*'DCq,q) = (DCq,Ca) = (DQ,Q) = ZA Q;.

Finally, we have
det (B —\A) = det(C'DC — \C") = det (C'(D — \I)C)
= det (C")det (D — \)det (C)
= det (C)2det (D — \I)

- 120 v

=1

-4/105 EXAMPLE 1. The potential energy of the ith pendulum, i = 1,2, is

2
1 —cosqg~1— 1—q—’ :qi.
2 2

Letting g1 = (Q1 + Q2)/V2 and g2 = (Q1 — Q2)/V2, we have ¢; — ¢2 = V2Q5. We

calculate

1
U = 5(@+a+ala—ae))
_ % ((Ql ‘;Q2)2 n (G —2Q2)2 N 204@%)
- % (QF + (1+20)Q3) = % (W Q? + wQY), wi=1, wy= I+ 2a

4/109 PROBLEM. CHARACTERISTIC FREQUENCIES OF THE DOUBLE PLANAR PEN-
DULUM (FIGURE 88). Using 0;, i = 1,2, the angles of inclination of the point masses
m;, 1 = 1,2, for the Cartesian coordinates, we have x; = ¢;sinf, y; = {1 cos by,
x9 = l1sinfy 4 (5 sin by, and yy = £ cos By + {5 cos B,. Differentating, we obtain

T = ¥icosb - 91

¥, = —Vlysinb, - 91

Ty = F{icosb - 91 + ¥5 cos by - 92

g2 = —£1 sin 91 . 91 — 62 Sin92 . 92.
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Hence
B4 = 26,
P24 = ﬁéf + 63«9; + 20105 cos(0y — 6) 01 6.

With these the kinetic and potential energies are

my, . . moy , . . mi1+m .2 m .2 ..
T = 71( 24197 + {(xg +92) = %eﬁel 4 726302 + byl cos(6) — ) 6 6
U = —migys — magys = —(mq + ma)gly cos by — magls cos bs.

For the Lagrangian equations (L =T — U and ¢; = 6;, i = 1,2):

A (OLN _OL iy
dt \og,) 00,

we calculate

oL oT . :
8—9.1 = 8_91 = (m1 + m2>£%91 + m2€1€2 COS(91 — 02)82
oL oT . .
8_9'2 = 8_92 = mgﬁgﬁg + m2€1€2 COS(Ql — 02)01
oL oUu ' .. ‘
8_91 = 8_91 = —m2€1€2 5111(01 — 92)9102 — (m1 + mg)gfl S1n 91
oL oUu ) - .
a—el = 8_91 = m2€1€2 sm(91 — 92)6192 — mgg@ Sin 92.
Substituting these into the Lagrange equations, and simplifying, we obtain
(m1 —+ m2)€1 él + m2€2 008(91 — 02) éQ + m2€2 sin(91 — ‘92) 93 = —(m1 + mg)g sin 91
mals Oy + Moty cos(6y — 6) 0, — myl; sin(6; — 605) 9? = —mygsinb,.
Linearizing, we get
) ) .. 1 . .
T, = wgfef + 2230+ ot o616, = 5(46,6)
1 ..
U, = @gélef + 22003 = (86, 6)

(since O*U/00% = (my + ma)gly, 0*U/I03 = magls, 0?°U/060,005 = 0), where 8 =
(01,92), and

A _ < (m1 +m2)£% m2€1€2 ) and B — ( (m1 +m2)g€1 0 >

m2€1€2 mgfg 0 m2g€2
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With these, we calculate

det (B —AA) = det ( g(my +mg)ly — N(my + mQ)E% —molils )

—m2€1€2 gmgﬁg — )\mg@
(g(m1 + ma)ly — N(my + mg)ff) (gm2€2 — /\mQ@) — mi20

= (m1 + m2)€1€2 )\2 — (m1 -+ mQ)g(El + fg) A -+ (m1 + mg)g2 — mgglfg =0.

Rearranging, we obtain

1 1 ™Mo

1
Nog(—+— ) A+2— — =0
g (fl * 62) * g flfg mi + Mo

Letting g/0; = p1, @ = 1,2, and u = my/my, this rewrites as

1
AN = (p1+p2) A+ prp2s — —— =0,
(pr+p2) A+ prpz — 4 L

A== = (A= L) (A= £) =

Solving, and returning to our original variables, we get

1 g g 2 1
2M 2 =1=£ — )2+ —— =14+ L _ L) 4
w1 \/(g L)

-4/114 PROBLEM 1. We have (d/dt) ¢'(z) = f(¢'(x),t). Assume g'g® = g"**. We
have

or equivalently

@@ @) = S0 @) = o) = g @) .
= M@,y = T @), ),

At t =0 and y = g *(y), this gives
f(y,0) = [(y,s).

-2/114 PROBLEM 2. Assume f is periodic with period 7. We have

Lo @) = fe @),
d

%(QHT(SE)) = flg"(2),s +T) = f(g" (), 5).
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Thus, ¢*(g7(z)) and g7 (z) satisfy the same differential equation with the same
initial condition at s = 0. By unicity, they must be equal: ¢°™*(z) = ¢°(¢” (x)).

-7/119 PROBLEM. The equation of motion is Z = — f?(¢) z, where

ft) =

wte HO0<t<m
w—¢€ if m<t<2m.

and f(t+2m) = f(t), e << 1. Then A= Ay - Ay, k =1,2, where

1
C —5
A, = k wr Sk
—WiSk Ck

and ¢, = cos Twy, S, = sinTwy, wi2 = w £ €. The boundary of the zone of stability

is given by
1 1
tr Co ws 52 C1 w51 o
—W2aSk Co —Wwi1S C1

w w
C1Cy — <—2 —+ —1) 8189 + c1co| = ‘20162 — 2(1 + A) 8182’ = 2,
(O35] Wo

w2 Wi
C1Cg — — 8189 — — 51852 + C1C2
wq W

[tr A| =

where A is defined by

w w
2 EL 214 A).
W1 W2
We calculate
€ 2
WL_WEC 19 © _qyo e g9 Sy
Wy W —¢€ w—€ 1-= w  w?

Similarly, we have

— £ 2
bt L T S R - —1—2(5—6—+---)

W wHe w+e 1+5_ w  w?

These give

wy w e

—2+—1:2(1+2<—2+—4+~~)) =2(14 A)

[O35] Wo w w
so that

€2 et €2 A

Moreover, we have

2c1co = 2cos(mwy) cos(mws) = cos(27me) + cos(2mw)

25159 = 2sin(mw;)sin(rwsy) = cos(2me) — cos(2mw).
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Substituing these back to the trace formula above, we obtain that the boundary of
the zone of stability is given by
|cos(2me) + cos(2mw) — (1 + A)(cos(2me) — cos(2nw))| = 2.

This gives
—cos(2me) A 4 cos(2mw) (2 + A) = 2,

or equivalently

2+ Acos(2me) A
cos(2mw) = SEA =+1- H—A(:Izl — cos(2me)).
We give details in the first case
(2m0) = 1~ 521 — cos(2n0) (= 1)
cos(2mw) = TEA cos(2me)) (=~ 1).

We write w = k + a, where k is a positive integer and a << 1. We have
cos(2nw) = cos(2ma) = 1 — 27%a® + O(a*),

and A A/2 A A? 2
€
- A= S 0@,
2+A 1+A/2 2 4 w?
where we used the previous estimate on A. Substituting these into the formula for
cos(2mw) above, we obtain

cos(2ra) = 1 — (:—22 + 0(&)) (2022 + O(e)) = 1 % (%—2)2 +O(e).

Simplifying, we get

4
a* + O(a') = 6—2 + O(€%)
Hence”
- ()
a==+—40(e
w b
or equivalently
2 2
w:k+a:kj:——|—0(62):ki%+o(62),
where we used ) ) )
a
— = = - — — +0(a?
o hia ko)

"Note the typos in the text.
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Similar computations in the second case give

1 €
S T .
w=k+3* 1 ol

3/121 PROBLEM. The equation of motion is & = (w? &+ d?) z, d* > w?, where

c
w=2 and & =-,
14
and +c is the constant acceleration of the point of suspension over half of the period
7 << 1. The equation of the corresponding parabola is

where a << ¢ is the amplitude of the oscillation of the point of suspension (at ¢t = 7/2,
we have y = a). We have § = —8a/7? = Fc¢, and hence d* = 8a/({1?).
The equation of motion can easily be solved, and we obtain®

coshkr Lsinhkr cos Ot Lsin Qr
_ % _ Q
A = ( ksinh kT coshkr ) and A, = ( —QsinQr  cosQr ) ’

where k? = d? + w? and Q2 = 4% — w2
Letting A = A, - Ay, the condition of stability is

Al = |t cos Ot é sin Q1 cosh kT % sinh k7
' - v —Qsin Q7 cosQr ksinh kT coshkr
kE Q
= |2cosh k7 cos Q1 + (5 — E) sinh k7sin Q7| < 2.

We now introduce the new parameters

62:%<<1 and 2= <<1.
C

With these, we have

kT =2v2e\/14 2 and Qr = 2v2ey/1 — 2.

Indeed, we calculate

2
kT:TVd2+w2:Td\/1+%:Td\/1+%:2\/§\/%” L+ 2 = 2v26ey/1 + 12

8The text uses ch = cosh and sh = sinh.
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and
QT:T\/dQ—LOZ:Tw/%—%:7'\/%’/1—%:Td\/l—/LZ:Z\/EG\/l—IuQ.
Moreover
k- Q kr Qr 14 p? 1 — p? 9 4
Q k  Qr kT \/1—u2 \/1+,LL2 i+ Ol)
since

d 1+ 22 1 — 22 _,
de \V1—22 V1422 _07'

Continuing the computations in the use of the expansions of the hyperbolic functions,
we have?

1 1 8
coshkr = 1+§k272+ﬂk474+:1+462(1+M2)+§€4<1—|—u2)2+
8
= 1441+ p?) + 364 + o(e* 4+ p?).
Similarly
8
cos O =1 —4e*(1 — p?) + 564 + o(e* + pt).

Finally
k Q
(Q—T — k—T> sinh k7sin Qr = (24° + O(/f)) V261 + 12 - 2v2e4/1 — 12
T T

= 16e2u*\/1 — pt 4 o(e* + pu*) = 162 u® + o(e* + u?).

Putting everything together and discarding the terms of magnitude o(e* + pu*), the
condition of stability is

8 8
2 <1 + 46 (1 + %) + §e4> (1 —4e2(1 — %) + §e4> + 16€*u* < 2.

This gives
16
2 (1 — 16€* + 364 + 8&#) + 1662 1% < 2,

9Here and below, for the final estimates we can use the AM-GM inequality in different settings.
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where, once again, we discarded the the terms of magnitude o(e* + p*). We rearrange
and simplify to obtain
3p? < 262

Playing this back to our original parameters, we finally arrive at

g 2a

=<
30
The rest of the example follows.

3/126: We have r = 0 and Q = 0. With respect to an orthonormal basis in k& where
the third axis is Rw, we have

cos|wl|t —sin|w|t 0

U(t)=| sin|w|t cos|w|t 0
0 0 1
Since B(t) = U(t)B (O) we have q = B(t)Q = U(t)B(0)q so that q = BQ =
U(t)B(0)Q. Since U(t)"'q = B(0)Q and U(t)~! = U(t)", we obtain ¢ = U(t)U(t)'q.
We now calculate
‘ —sin |w|t —cos|wl|t 0 cos |w|t  sin|wl|t 0
UBU@t) = |w| cos |wlt —sin|w|t O —sin|w|t cos|w|t 0
0 0 0 1
|w|
= |w| 0
Using this, we continue
0 0 |""‘ —|wlg
a=| d | =1 |vl = wlq
s 0 0
On the other hand
i j k
w,al=| 0 0 |w| | = (=|wlg,|wlg,0).
qi 92 43

Thus, we have q = [w, q].
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8/127 With respect to an orthonormal basis {ej, €5, €3} C k, we have

0 —ws wo q —(aws + q3wo i j k
Ag=| w3 0 —w @ | = qws—@w |=]|w w ws|=[w,q].
—Ws W1 0 qs3 —(q1W2 + Qo1 Q1 92 g3

12/127 Indeed, we have

(p7 [w,q]) = ([p,w],q) = —([w,p],q), P,qc< R3.

-6/130 Since Q is orthogonal to [€2, Q], we have

€2, (2, Qlll = [22][2, Q]| = |2°|Q sin g = [2*r,
where 6 is the angle between € and Q.
2/131 Here, as usual, x = BX.

9/131 Note that
md = f(q,q) = f(BQ,(BQ)) = BF(Q,Q).

-8/131 ExaMPLE 1. From the equation of motion we get Q, = g, Q,(0) = 0, and
so Q;(t) = Q,(0) + gt*/2. Moreover
where the estimate is because |Q2| = O(|€?|). Hence

3 2t 12
t)~ —|g, Q2] = —|h,Q h=g—.
QQ() 3[g7 ] 3[7 ]7 g2

Now

I[h, ]| = |h||Q| sin(7/2 + \) = |h||Q] cos A,
and gt?/2 = 250 gives t* ~ 500/g ~ 50, and so t ~ /50 ~ 7. With this
%
3
where we used || &~ 7.3-107° (-5/126) and cos A &~ 1/2.

14 14 1
[h, Q] = ?|h| | cos A ~ §-250~7- 1077 §m%4cm,

-5/138 We have
lvil = [Vi| = [, Q]| = |92 |Q,|sin; = 2 - 1;
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(Figure 115).

1/141 EXAMPLE. The total mass

a b
m = / / pdz dy = 4abp,
—a J—b

so that p = m/(4ab). The moment of inertia

2

ma

drdy = _na
y4ab//xxy {3}a 3

Similarly

Finally, we arrive at

a b a b
IZ:/ / r2pdxdy:/ / (2° +y*) pdady = I, + 1.
—aJ—b —a J—b

9/141 PrROBLEM. We have

I, = ///B(xz—irgf)pdvg///B(;ngLyZ)pdV%—Z///BzdeV
= ///B(y2—|—z2)pdV+///B(x2+z2)pdV:Im—i—ly,

with equality if and only if [[[; 2?pdV = 0 if and only if z = 0; that is, B is planar.

12/141 PROBLEM. First, consider the ball B of radius R and mass density p. The

total mass
m = /// pdV = p R3

so that p = 3m/(47R?). We now use spherical coordinates x = rycosf, y = rosiné,
To =7Tsing, z=rcosp, 0 <0 <2, 0< ¢ < with dV = r?sin® p dr dp df, and
calculate

I, = 47TR3///$ + 9? pdV—4R3/ //rsmcprsmcpdrdgpd@
= 47TR3/ // rsin gpdrdcpd@——OR/sm wdp

3—R |:1COS 3¢) " 2R?

10 (1 3 _ZCWL_mT
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For the ellipsoid £ given by
22 P 22
St ats =1

we change the variables u = x/a, v = y/b, w = z/c with u* + v? + w? < 1 and
dudv dw = dx dy dz/(abc), and obtain

4
m:///pdV:p—Wabc
£ 3

so that p = 3m/(4mabc). Moreover

I, —///x + 42 pdxdydz-abc/// a’u® 4 b*v?) p du dv dw
Bo

where By is the unit ball (R = 1). Using spherical coordinates again, we calculate

/// pdudvdw—ap/// u? du dv dw
Bo
2
—p/ / / r?sin? @ cos? @ - r?sin? o dr dy df
4m
=a’p cos?0.df - r*sin gpd(pd@—pﬁa

/// (b*v?) pdu dv dw = p—b2
. 15

Putting these together, we obtain

Similarly

3m o 2402
I, = abep== (a® + b? be—2 (a2 + b .
‘L0p15<a ) = Trabe 015(a +o) =m—g

Permuting the coordinates, we also obtain

b2 4 2 2, .2
I,=m —é—c and Iy:ma ;C

15/141 PROBLEM. STEINER’S THEOREM. We let p be the mass density, 0 the
center of mass of B, also the origin of the coordinate system. Set up the coordinate
system such that the axis through 0 is the z-axis. We let dy (and not r) denote the
distance betwen the two parallel axes, and assume that the second axis is through
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(do,0,0) parallel to the z-axis. We will use cylindrical coordinates. We let r denote
the distance from the z-axis. We then have

Iozlz:///r2de/,
B

and hence (by the law of cosine) the moment of inertia with respect to the second

axis 1s
I:///(7"24—6%—2rd06059)pdV:Io—i-d%m—Qdo///rcostV.
B B

The last integral is the z-coordinate of the center of mass of B since x = r cos ), and
hence it vanishes.

-1/141 F1GURE 119. We have
grad (AQ2, Q) = 2AQ = 2M,
where & = {2 | (A, Q) = 1} (see p. 146 of the text).

5/142 PROBLEM. The center of mass is displaced by €/(me)Q, where Q = (z1, 22, x3).

Since )
¢ :£<1_i+6_2_...> _ o),
m—+ € m m m m

by Steiner’s theorem, moving the axis to a parallel axis, the moments of inertia differ
by O(€?). Keeping the center of mass in the original position we thus incur an error
of O(e?). The change in the kinetic energy (proof of Lemma and its Corollary on p.
137 of the text) is

1
T =T+ 5(42.9) = T + 5[[2.QJ + O().

where

1
To=3 (LQ] + LO3 + L,O3)
is the original kinetic energy. We now calculate the inertia operator as

2T = 2Tp + € [(Qaxs — Q322) + (s — Qx1)® + (Y32 — Daq)?] 4+ O(€%)
= (]1 + e(23 + x%)) Q2 + (]2 + e(2? + x%)) Q2+ (13 + e(2? + x%)) Q3
—2ex5738 2803 — 2ex123021Q3 — 2em1252,Qy + O(€?)
I + e(x3 + 22) —€X1T —€x T3 0 0
= — €1 T2 I+ e(2? + 22) —€T9T3 Q |, 2 +O(€%).
—€x1 T3 —€X9T3 I3+ e(x? + 22) Qs O3
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We denote by A(e) the matrix above. This is the inertia operator up to O(e?). The
eigenvalues I;(€) and corresponding eigenvectors e;(¢), ¢ = 1,2,3, of A(e) are easily
determined as follows:

()= +e(@2+22) +0()  eie) = (1, e—t2 215 ) 1 O()
L—1, Is—1

Le) =L +e(zi+23) +0(?)  eqfe) = ( L Wil ) + O(€%)

LG -
L) = Is + (a2 + 22) + O(?)  ese) = [ —e-2T 2213 1) 4 O(e).
-1 I3—1

1/146 Since M; = I,€21, i = 1,2, 3, we have

2T = 2E=(AQ,Q2) = (M, Q) = M1y + MyQy + M5Q;
M} M; M
= LOT+ LOS+ 05 = — + 2 + .

I I, I3
Note that the angular momentum m € k is conserved (independent of t). Since
m = B;M, we have |M|?> = M? = M} + M3 + M3 = |m|?, where M = (M, My, M3).
The inertia ellipsoid £ = {Q || (A2, Q) =1} C K, and B, C k. Hence Q/V2T € £
so that £ = w/V2T € B,£. Now, grad (A2, Q) = 2AQ = 2M so that the normal to
B,E at £ is parallel to m.

Finally

1 1
(§,m) = ﬁ(w,m) = ?(Q,M) = V2r

1S constant.

4/147 Since I # I, = I3, we have ) constant, and

dQQ IQ—Il
— = 2:0: = \Q
i I 1343 3
ng Il—IQ
=3 = Q10 = —AQ
dt I2 1942 25
where / /
=210,
I,

Solving, we obtain

Q = (Q, Asin(\t), Acos(At)) = Qeq + A(sin(At)es + cos(A)es).
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This gives

M = [1Qe; + I, A(sin(At)ey + cos(At)es).
In particular, e, {2, M are coplanar in K, and hence B;e;,w, m are coplanar in k.
Moreover, |w| = |2] = Q2+ A? is constant and so are each of the three angles between
e, 2, M with cosines

(1,92) 0
QA

(e, M) L)y

Ml RO 3A

QM) L2 + [LA?
QM| 02 A2\ /1202 + [2A?

By the equations for €2 and M above, we have
M= Ilﬂlel + IQ(Q — Qlel) = (Il — 12)9181 + IQQ = IQ(Q — /\el),

since (I} — I5)Q; = —AI,. We obtain

M
Q = ]._2 + )\el-
In k£ this gives
W= m + AB,e;
I,

Hence
m .
L—thel] = [w, Bie;] = (Biey)
2

as w is the instantaneous angular velocity of Bye; (see p. 126 of the text). This shows
that Bye; rotates around the fixed angular momentum vector m with angle |mlt/I5.
Finally

2ol = |2 ABer| = A |2, Ber| = M(Bier) = (\Bier) = &
]2 IQ 12

since m = 0. We obtain that w also rotates around the fixed angular momentum
vector through the angle |m|t/I,. The angular velocity of the procession is wpy =
m/[2

-2/151 For a rotation of a rigid body fixed at O with angular velocity w = we around
the e axis, the kinetic energy is K = (1/2)low? (15/138). The angular momentum
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vector is m = [;w = l,we, and the angular momentum with respect to the e axis
is me = (m,e) = low. Hence OL/0w = 0T /0w = l.w = m, (even in the presence
of potential energy independent of w). In our case at hand, e = e,, I, = I, etc.
and w = ¢e, (¢ =1 = 0), so that we have'® 9L/0p = 9T /0 = m,. Note, finally,
that the Lagrange equation (d/dt)(0L/0¢) = 0L/0yp = 0 (along with ¢ being cylic)
directly implies that 0L/0¢ = m, is preserved. The discussion is similar for ms.

8/152 Eliminating ¢ from the two first integrals (-2/151), we obtain
. .92 2 M3 .
M, = ¢(Iy sin” 0 + I3 cos” 0) + S pcosb | I3cosb.
3

Simplifying, we get
M, = ol sin? @ + M cos 6,

or equivalently

. M, — Mscos®
7= I, sin? 6

Using this, we also obtain

Using these in the formula for the kinetic energy (-5/151), the total energy is

I (2 (M, — M;cosf)? M3
E=—1{¢ — {cos O
2 ( T e’ T gp, Tmareos
or ;
E = 51(92 + Ueff(e),
where (M. M o)
— M3 cos
Ue(0) = 2 {cos .
©) 2L smPp IS
Using the subsitutions in -13/152
: — bcosh)?
a:92+w+60050
sin” 6
and u = cosl, 4 = —sinf -0, 4> = sin0 - 92, we obtain
w? = asin’®f — (a — bcosf)* — B cosfsin? 6.

0Tp the text m, = M,.
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Equivalently

W = a(l —u?) — (a —bu)® — Bu(l —u?) = (a — fu)(1 — u?) — (a — bu)? = f(u).

2/159 We have 0 = 0y + =, © << 1, where M, = M3 cos . Thus

cosf = cos(fy+ x) = cosbycosx —sinbysinz = cosy — xsinfy + - - -

sinf = sin(fy + x) = sinfycosx + cosfysinx = sinfy + xcosfy + - - -

Using these, we expand the effective potential energy

(M. — Mz cos(by+ x))* M3 (cos by — cos(f + x))?

Ue

flg=0 = 21, sin*(0y + ) YA sin?(6y + )
I2w? xsinby + - -- 2 _ Lwi a?
2I, \sinfy+xcosbo+---) I 2

and the potential energy
mgl cos @ = mgl cos(6y + x) = mgl cosy — xmglsinfy + - - -

We now apply the lemma (-8/157) to f = Ueg|g=0, g = €, h(x) = mlcos(fy + =) =
ml cos by — xmlsinfy + - - -, with

2 92
I3ws3

A—
I’

B =mfcosty, C = —mlsinb,.

According to the lemma, the function

202 o2
i x_+€m€(COS(90—.TSin90)+"‘ :

) = fla) + ehla) = 25 2

has a minimum at _
Iym/{sin 6,

2 _
Ty = 22 +0(g9°), g=e
Now, by the previous computation

. M.,—Mscosf My
v I, sin% 6 ~ [, sin 6,

Part I11: Hamiltonian Mechanics
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Chapter 7: “Differential forms” is a short introduction to the differential calculus of
forms on manifolds. This material can also be found in several introductory texts on
differential geometry.

-8/202 Using the notations in the text, if, in local coordinates, we have p = Y | p; dg;

then w'(§) = f*p(§) = p(f.€) = Yoapiof-fdg) = piof-dlgof) =
> pidg = p Adq, where, in the last but one equality we identified p; with p; o f
and ¢; with g;o f,i=1,...,n

1/204 EXAMPLE. As in the text, we have the isomorphism 7'My — T* M, given by
€ — wg, where wg(n) = w?(§,m). In particular, we have

0 0
% — —dq and 3_(1 — dp.

Indeed, we calculate

o o o
Wy op(M) = w? (n, %) =dp Adq (n, %) = —dp ANdq (%, n) = —dq(n).

The proof for the second correspondence is analogous.
Hence, for the differential of the Hamiltonian

OH 0H 0H | 0H | 1
M = o PTG 1= Gy Worva ~ pq Wojop = Wit o on g
we obtain SOH &  OH 9
Jag =229 979
opdq Oqop
Thus, for x = (q, p), the differential equation x = I dH (x) is equivalent to
0H . OH
p=——— and q=—.
op

16/205 With the notations in the text, for f’: [0,1] x [0,7] — M?", we have

/ﬂwQ - /ouxoﬂ fr // fre) (a gt) dt ds
_ // ( ( )f(at>)dtds—// (6.m) di ds

-8/221 PROBLEM. The fact that Sp(2) is isomorphic with SL(2,R), the Lie group
of 2 x 2 matrices with real entries and determinant 1, is clear since a 2 x 2-matrix
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A with real entries is an element in Sp(2) if and only if A'TA = Q, where I is the

operator of the symplectic basis in R?. In this basis we have I = ( _01 (1) ) . Setting

A= < CCL Z ), we obtain A'TA = (ad — be)I, and the first statement follows.

We now turn to the second statement that SL(2,R) is homeomorphic with the inte-
rior of a solid 3-dimensional torus.

We will use the fact that the projective special linear group PSL(2,R) = SL(2,R)/{£FE},
where F is the denity, is isomorphic with the group of linear fractional transformations

b
{g‘g(z):%,zec, ad —be =1, a,b,c,dER}

with real coefficients, which, in turn, is the group Iso™ (H?) of (orientation preserving)
isometries of the hyperbolic plane H? = {z € C|SJ(z) > 0}, the upper half plane
model of hyperbolic geometry.!! The isomorphism is given by

az+b
cz+d’

2 € H?

i(i 2),ad—bc:1,a,b,c,d€R Sz

With this, we first show that any g € Iso*(H?) which fixes i € H?, g(i) = 4, must be
of the form g = kg, 0 < 6 < 27, where!?

_ cos(0/2)z —sin(6/2)

olz) = sin(6/2)z + cos(6/2)’ ze B

Indeed, with the linear fractional representation of g, the condition g(i) = i gives
(ai 4+ b)/(ci +d) = 1, that is, ai + b = —c + di. Hence a = d and b = —c, and the
determinant condition ad — bc = 1 reduces to a® + b* = 1. Hence a = cos(6/2) and
b= —sin(6/2), for a unique 0 € [0, 27].

Second, we claim that any g € Iso™(H?) can be uniquely decomposed as

g=kooayomn,, 0<0<2m, A>0, pekR,

where
ax(2) =Nz and n,(2)=z+p, z€H?

are central dilatations and horizontal translations, respectively, in Iso (H?).
To show the claim, we let ¢7'(i) = —u + i/A\* € H? with A > 0, u € R uniquely

HSee, for example, Toth, G., Glimpses of Algebra and Geometry, Second Edition, Springer NY
(2000), Section 13, p. 139.
12The parametrization includes half angles since gg = gor = I.
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determined by g. Then, letting h = g o n_, 0 aj/y, we have h(i) = g(—p +i/X?) =
g(g7*(7)) = i. Since h fixes i, by the above, we have h = ky, for a unique 0 < 0 < 27.
Hence g = h o al’/l/\ o ni; = kg o ayon, as claimed. Unicity is also clear.

As a consequence, we also obtain the Iwasawa decomposition for SL(2,R) as follows.

We define three subgroups of SL(2,R) by
cosf) —siné
K= {(sin@ cos 0 )‘0§9<2W}
A0
a = {00 ) =0
() ber)

Then any element A € SL(2R) can be unquely decomposed as A = k - a - n, where
ke K,ae Aandn € N.

For the proof, we note that, under the isomorphism PSL(2,R) & Iso*(H?), the set of
matrices in K parametrized by 0 < 6 < 27 splits into two subsets, one parametrized
by 0 < 6 < m and the other by 7 < 6 < 2m. Since cos(f + ) = —cos(f) and
sin(f + ) = —sin(d), these correpond to + the respective set for 6/2 paramerized
by 0 < 6 < 2m. Moreover, the typical matrices in A and N correspond to ay and n,,
respectively.

Finally, we have the homeomorphisms K ~ S!, A ~ R_, and N =~ R, so that
SL(2,R) ~ S' x R x Ry, the interior of a solid torus.

7/234 We are in R3. By 8/187 EXAMPLE 2, to a vector field v there corresponds
the 1-form w! such that wl(¢) = (v, €). The circulation of v over a curve [ is given

by the integral
/ Wl = /(V,Cu)
c1 l

of the 1-form w! on a chain ¢, representing .
To a vector field v there also corresponds the 2-form w? such that w?(&,n) = (v, &, n).
The flux of v through an oriented surface S is given by the integral

Ldzémm»

where the 2-chain ¢, is represented by S.

Now, we have

2 _w2

1 _
dwv = Weurlv = Wy
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and, if [ = 05, then, Stokes’ theorem asserts that

/(V,dl) = /(Curlv, dn) = /(r,dn),
I s s
/w‘l,:/wf, ¢ = 0cy

10/242 PROBLEM. By the definition of S, and with the differential on the extended
phase space, we have

or equivalently

(-13/194).

dS:pdq—PdQ+aa—fdt
Hence
oS
pdq— Hdt = PdQ—Hdt—Edt—l—dS
= PdQ—(H—i—%—f)dt—i—dS

— PdQ - Kdt+dS

7/243 ... an integral curve 7 ...
7/244 We have

4op +Ppdq=qop +pdq+pdiq—pdq = (pdq) +4dp — piq.
-8/246 We have q = ds/dr.
-10/247 The metric dp is called conformal to ds, a term coined by Gauss.
10/254 See the remark at -6/244.

11/255 We have
. 08q,. d
PA= 5 4= goaalt)

-6/256 THE INITIAL CONDITION: t = to gives p = 05y/0dq and Hdt = 0, so that the
integral in -9/256 is

(a,to) . (a,t0) ' (a,t0)
/( L(q,q,t)dtZ/ (p-q—H)dtz/ pdq

do,to) (qpto) (ap,to)

_ / %iq dg = So(a) — Soldo) = S(a to) — So(ay)-
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-6/258 PROBLEM. Since g(p, q) = (P(p,q), Q(p,q)), we have PAQ = det 9(P, Q) /9(p, q)-
pAq= g*(dp Adq). Therefore, taking the differential of both sides of (1), we obtain
dp Ndq — dP A dQ = ddS(p,q) = 0, and the statement follows.

-1/258 We have

2(Q,q) <8Q/ap 0 ) oQ
det ———=% = det = det —.
d(p,q) U Ip
-7/262 Thus
& i '
T:a25+b2%, pgzazf, pn:bzﬁ
and so
2 2
D¢ Dy k k a2 2 2 2 k(rl"‘T?)
H 2_a2+2_b2_r_1_g_2sm a - pg + 2cos a-pn—T
2 2 2 2
o0& e o 4c® —n 4kE
= 2p; £2 2 +2p, €2 _ 2 _52_772'

-7/263 Setting 05/0¢ = pe and 0S/0n = p, as in (2) in p. 259, we obtain the
Hamilton-Jacobi equation
5 @ 252—402 5 @ 462—7]2_ 4kE
o5 ) & —n? on) &-n* &&—n

=K,

or equivalently

9 2
2 (%) @1+ 2(F) (e - = K - ) + 1k

(note the missing factor 2 in the text which does not effect the final form of S). Note
finally that here q = (§,7) and Q = (c1, ¢2).

-9/270 Using the setup in the text,'® and the proof of the lemma at -11/205 and

-7/207, we have
//U(e)w2 /hw2:/0 (/gﬂdH) dT:/O (Agid]—[) dr
_ /0 (Ad(HogT)) dT:/OE </7dH) dr

= e/dH:H(y)—H(:U).

3The text changes the notation from p. 205 in the use of the double integral sign as well as
changes g* to g;.
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18/272 For the definition of conditionally periodic motion, see -5/285.

-9/272 That is dF and dH are linearly independent 1-forms pointwise.
11/273 For the proof, see Problems 2-3 on pp. 215-216.

-13/274 Note that g! is defined for all ¢ € R since M" is compact.

-4/275 PROBLEM. s € t + V implies s —t € V. Hence s —t = 0 giving s = t.
-13/280 By Hooke’s law, F((q) = —q, so that F(q) = —U’(q) gives U(q) = ¢*/2.

-4/280 Since p = rcosp and g = rsinp, we have dp = cospdr — rsinpdp and
dq = sindr + rcos pdp. These give

dp A dq =rcos®> pdr Adp —rsin® pdp Adr =rdr Adp = d(r?/2) A de.
Thus, I(p,q) = I(r) = r?/2.

-10/281 In fact, ¢ = 05/9I, so that

| 028 dq 6p
SD I= const a[a 8[
Integrating, we obtain
d dAS(I)
dp = dq = — pdq = .
jg@ dl dl

5/282 PROBLEM. The ellipse M, is given by a’p? + b*¢®> = 2h, so that II(h) =
27h/(ab). Therefore, we have I(h) = h/(ab) and h(I) = abI. The third equation in

(4) gives 9501
H ( éq’Q),q) —h(I)=abl,

or equivalently

(asg, Q)) 02 = 2ab1.
q

85’[(] /2ab[—62 /2 ]—q -

Integrating, up to an addltlve constant, we get

6@ 6@ q
2— I— 2dq = 2—1 — 2% T arct _—
/ q°aq = (C] b Q>+ b arc an( 2%1—q2)>

Thus
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or, in terms of p above

b b |
S(Lq):%nLIarctan(a—Z), p=- Q%I—qQ.

Finally, differentiating under the integral sign, we obtain

Y= 95 = / __da dq = arctan <#> = arctan (b_q) .
o] Ve o
Note that, the original ellipse a?p?+b%¢q? = 2h is parametrized by v/2h(cos(¢) /a, sin(p) /b).
-13/287 See also the note at -4/74.

5/289 PROBLEM. Using Example 2 at -9/24, we have U = x?/2+w?y?/2, where w? =
2, so that w = /2. Since |z|, |y| < 1, we have 2 = sin(t 4 @) and y = sin(wt + ).
The kinetic energy is

3 (2 +77) =

Using the calculus formula

(cos?(t + o) + w” cos®(wt + 1)) .

N | —

T T 1 .
cos“(wt+¢)dt = — + " sin(2wT" + 2¢), c€R,
0 w

2

we obtain T )

) 1 5 .9 B 1 w B 3

Jmop [ @) ai= g+ =g

since

sin(27" + 2¢0) sin(2wT" + 21)p)

im —————% = lim = 0.
T— 00 T T—o0 T

-9/290 PROBLEM. For fixed 0 # k € Z", the set k™ = {w € R"| (w,k) = 0} is a
hyperplane in R", and hence of Lebesgue measure zero in R™. The set

{weR"F0£keZ" (wk) =0} = ] k"
0#£keZn

is the union of countably many sets of Lebesgue measure zero, therefore, it is itself
of Lebesgue measure zero.

-7/292 PROBLEM. We have

©=@o+wt, @o=(0).
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Since () = g(¢) — g, where g = f027rg(gp) dp, we get fOQW g(¢)dp = 0. Since g is
2m-periodic, it follows that h defined by h(p) = [ g(¢) dy is also 2m-periodic. Using

I = eg(p), we now calculate
¢ ¢
I(t) - 1(0) = 6/ g(po +wt) dt = egt—l—e/ G(po + wt) dt
0 0

€ wot+wt
— gt [ gle)do = egt+ b +wt) - hio)
@

0

where, in the last but one equality, we performed he substitution ¢ = g + wt,
dp = wdt. (Note the slight discrepancy with the text.)

9/293 Here, we have I = eg(I, @), where g(I,p) = dH,(I, ) /¢ since Hy(I) does
not depend on ¢.

-14/295 In fact, we have

27rak,
—dp=k(27) —k(0) =0
| Gede = kem =k

since k is 2m-periodic.

18/297 1If ¢ is the angle of inclination, then, assuming unit mass m = 1, the kinetic
and potential energies are
1 p?

2
) -~ 2 .9
T = 24 =op and U =g(l —lcosq) ~gl(l—(1—q°/2)) —gl;,

where the momentum p = ¢ and the potential energy is zero at ¢ = 0. Due to the
approximation, the Hamiltonian is for small oscillations only.

-9/299 We have

Y= or ~ a1 T “aron
j - _9K__ &S

=w([,\)+ef(l,p; N

since H, does not depend on ¢.
1/300 We have I(t) — J(t) = I(t) — J(0) = I(t) — 1(0).
4/300 Here, as ususal, H = h, and, using the area formula for the ellipse

a5, b

_2:
onl T opt =1
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we obtain

[ =—
27T7T a

1 V2hv2h b h
- .

-10/300 Using
2 2
P q
H=2 14T =y
2(? * 2

at 18/297, we obtain (as above)

/ 1
_ —7r\/2h12 \/7 \[ 252 = 52

since p = 0 for ¢ = gmax. Since [ is constant on the phase trajectory (ellipse), dividing,

we obtain (t) [(()) 34
= (10)




