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Abstract. The total space M ≈ H1 × S1 of the canonical circle
bundle over the 3-dimensional Heisenberg group H1 is a space-
time with the Lorentzian metric Fθ0 (Fefferman’s metric) associ-
ated to the canonical Tanaka-Webster flat contact form θ0 on H1.
The matter and energy content of M is described by the energy-
momentum tensor T̊µν (the trace-less Ricci tensor of Fθ0) as an
effect of the non flat nature of Feferman’s metric Fθ0 . We study

the gravitational field equations Rµν − (1/2)Rgµν = T̊µν on M.
We consider the first order perturbation g = Fθ0 +ε h, ε << 1, and
linearize the field equations about Fθ0 . We determine a Lorentzian
metric g on M which solves the linearized field equations corre-
sponding to a diagonal perturbation h.

1. Introduction

The Fefferman metric (cf. [14]) Fθ is a Lorentzian metric on the

total space C(M) of the canonical circle bundle S1 → C(M)
π−→ M

over a strictly pseudoconvex CR manifold M endowed with a posi-
tively oriented contact form θ. It has been discovered by C. Fefferman
(cf. [19]) in relation to the study of the boundary behavior of the
Bergman kernel (cf. [18]) of a strictly pseudoconvex domain Ω ⊂ Cn

(n ≥ 2), to start with as a Lorentzian metric on the product man-
ifold ∂Ω × S1. Complex analysis in several complex variables thus
exhibits a nowadays largely exploited (cf. [5], [14]) yet not fully un-
derstood relationship between Lorentzian geometry on one hand, and
CR geometry and subelliptic theory (cf. [4], [22]) on the other. The
principal bundle S1 → C(M) → M carries Graham’s connection i.e.
the natural connection 1-form σ ∈ C∞(T ∗(C(M))) discovered in [21].
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Let X↑ ∈ C∞(T (C(M))) denote the horizontal lift of the tangent vec-
tor field X ∈ C∞(T (M)) with respect to Graham’s connection σ. If
S ∈ C∞(T (C(M))) and ξ ∈ C∞(T (M)) are respectively the tangent to
the S1-action and the Reeb vector field associated to the contact form
θ then ξ↑−S is a globally defined time-like vector field on C(M), thus
giving a time orientation of the Lorentzian manifold (C(M), Fθ). The
synthetic object (C(M), Fθ , ξ

↑ − S) is then a space-time (cf. [11]).
Our purpose through the present paper is to continue the investigation
(cf. [2], [6], [10], [15]) of the relationship between CR and pseudoher-
mitian geometry (and the underlying subelliptic theory, cf. [3]) and
space-time physics, as prompted by the occurrence of Fefferman’s met-
ric associated to a pseudohermitian manifold (M, θ) and, viceversa, by
the occurrence of strictly pseudoconvex CR structures associated to
shear free null geodesic congruences on a Lorentzian manifold (cf. [24],
[27], [30], [32]). By a result of J.M. Lee (cf. [28]) Fθ is never an Ein-
stein metric i.e. there is no Λ ∈ R such that Rµν = Λ gµν where Rµν

is the Ricci tensor field of the Lorentzian manifold (C(M), Fθ). In the
spirit of space-time physics, to produce a gravitation theory on C(M)
one should look for solutions to Einstein field equations. In the present
paper we formulate a number of fundamental questions, the first of
which is I) what is the convenient form of Einstein’s equations,
to be considered on C(M)? A moment’s thought shows that

(1) Ric(g)µν = 0

[Einstein’s equations for empty space, where Ric(g) is the Ricci tensor
of g ∈ Lor(C(M)), the dependent variable in equations (1)] is not an
appropriate choice [e.g. by the aforementioned result in [28], Feffer-
man’s metric Fθ is never a solution to (1)]. It is one of our purposes to
answer the question posed above, although confined to the case where
M = H1 = C× R is the 3-dimensional Heisenberg group. This may be
organized as a strictly pseudoconvex CR manifold CR isomorphic to
the boundary of the Siegel domain Ω = {(z, w) ∈ C2 : Im(w) > zz} (cf.
e.g. [14], p. 14). Let M = C(H1) be the total space of the canonical
circle bundle over H1 (cf. [14], p. 119). Let

θ0 = dt+ i (z dz − z dz)

be the canonical contact form on H1. Then θ0 is positively oriented
and Tanaka-Webster flat. Let Fθ0 ∈ Lor(M) be the Fefferman metric
of the pseudohermitian manifold (H1, θ0) (cf. [14], p. 128). The metric
Fθ0 is not flat and its curvature may be thought of as the effect of a
matter distribution on M. The matter, or energy, content of M is then
described by the energy-momentum tensor T̊µν which is the traceless
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Ricci tensor of Fθ0 . T̊µν is further discussed in § 5, showing that T̊µν
describes an incoherent matter distribution (incoherent dust) on M. M
is a 4-dimensional manifold diffeomorphic to H1 × S1 so that it may
not be covered by a globally defined coordinate system. However one
may adopt the globally defined nonholonomic frame

(2) X0 = 2S, X1 = L↑ , X2 = L
↑
, X3 = ξ↑0 ,

where S ∈ X(M) is the tangent to the S1 action on M, ξ0 ∈ X(M) is
the Reeb vector field of (H1 , θ0), and L = ∂/∂z − i z ∂/∂t is the Lewy
operator (cf. [14], p. 12). Components of tensor fields on M are then
intended with respect to {Xµ : 0 ≤ µ ≤ 3} and are globally defined
smooth functions on M, perhaps complex valued. Through the present
paper we shall study Einstein’s gravitational field equations

(3) Rµν −
1

2
Rgµν = T̊µν

on M in the presence of the matter distribution described by T̊µν . Here
Rµν = Ric(g)µν and R are respectively the Ricci and scalar curvature
of the Lorentzian metric g ∈ Lor(M) [whose components gµν are the
unknown functions in the PDEs system (3)]. Any physics discussion
of gravity on M requires a solution to (3). While the search for exact
solutions to (3) is deferred to further work, we wish (in the spirit of
the classical approach by A. Einstein, [17]) to linearize the field equa-
tions (3) with the manifest purpose of producing at least a solution
to the linearized equations. Another fundamental question posed in
the present paper is then II) what is a convenient base point
g0 ∈ Lor(M) [about which one ought to linearize (3)] and what is an
appropriate choice of perturbation matrix h? We consider first
order perturbations

(4) g = Fθ0 + ε h, ε << 1,

and linearize equations (3) about g0 = Fθ0 . Our computational ap-
proach, and in particular the choice of frame (2), draws inspiration
from the recent work [24] (relating solutions g of Einstein equations
Rµν = Λ gµν on M × R to the local embeddability of the CR struc-
ture on M associated to g). In a previous paper (cf. [7]) we exploited
the formal similarity between R4 with the (flat) Minkowski metric and
H1 with the canonical (Tanaka-Webster flat) contact form θ0 in order
to produce pseudohermitian analogs of classical results in [17]. The
postulated field equation (for empty space) in [7] was

(5) R11 = 0
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[where R11 is the pseudohermitian Ricci tensor associated to an ar-
bitrary contact form on H1, cf. [14] and § 2 of this paper] and one
linearized (5) by considering perturbations of the form θ0 + ε θ (ε <<
1). Any positively oriented contact form θ on H1 is related to θ0 by
θ = e2uθ0 for some u ∈ C∞(H1 , R). By a result of J.M. Lee (cf. [28])
this yields the relationship

Fθ = e2u◦π Fθ0

between the corresponding Fefferman metrics and then the perturba-
tion θ0 + ε θ induces a perturbation of the form (4) with

(6) h = e2u◦πFθ0 .

However, as shown by our discussion in § 2, (6) is not an appropriate
choice of perturbation matrix, for (6) exhibits h00 = 0, and the h00
component of the perturbation matrix is classically responsible for the
potential φ (in whose central force field −∇φ the geodesic motion of
a particle should occur, in the classical limit of weak fields and low
velocities). One then answers question (II) by choosing the perturba-
tion (4) where h is a (0, 2)-tensor field on M with h00 6= 0, allowing
one to mimic the classical limit of the gravitational field equations in
nonempty space (cf. e.g. [1], p. 277-280). The resulting linearized field
equations (66)-(72) have a formidable aspect leaving little hope in the
search for an explicit solution. We therefore confine ourselves to the
case of a diagonal perturbation matrix h for which the linearized field
equations are found to be

(7) ∆b h00 = 0, ξ0(Lh00) = 0,

(8) L2(h22) + L
2
(h11)− 2h33 = 0, ξ0(h22) = 0,

(9) ξ20(h00) + 2h33 = 0, Lξ0(h22)− 2i L(h33) = 0, ∆b h33 = 0,

where ∆b is the sublaplacian of (H1 , θ0), cf. [14], p. 111 [the Hörmander
operator associated to the Hörmander system of vector fields {X, Y }
on H1 , where L = 1

2
(X − iY ), cf. [26]]. ∆b is a subelliptic operator

of order 1/2 (in the sense of [20]) thus bringing subelliptic theory (cf.
e.g. [16]) into the picture. It is one of our main points (here and in [7])
that the appropriate mathematical analysis entering gravity theory on
M should rely on the relationship between hyperbolic and subelliptic
theory (as following from π∗� = ∆b, according to a result in [28]).
A finding in the present paper is an explicit nontrivial solution h to
(7)-(9). The solution is discussed in section § 5.
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2. Fefferman space-times

Notations, conventions and fundamental results (in CR and pseu-
dohermitian geometry) adopted through this paper are those in [14].
Some of the basic material is recalled in this section, for the needs of the
more physics oriented reader. Let H1 be the 3-dimensional Heisenberg
group i.e. the Lie group C× R with the product

(10) (z, t) · (w, s) = (z + w, t+ s+ 2 Im (zw)) .

H1 is a strictly pseudoconvex CR manifold, of CR dimension 1, with
the CR structure T0,1(H1) spanned by the Lewy operator

L = ∂/∂z − iz ∂/∂t.

One sets as customary T1,0(H1) = T0,1(H1) (overbars denote complex
conjugates). A relevant second order differential operator (occurring
in the linearized field equations (7)-(9)) is the sublaplacian (cf. [14])

∆bu = −
(
LLu+ LLu

)
, u ∈ C2(H1),

coinciding with the Hörmander operator −1
2

(X2 + Y 2) (cf. [26]) asso-
ciated to the Hörmander system of vector fields {X, Y } on H1, where
L = 1

2
(X−iY ). The sublaplacian ∆b is formally similar to the Laplace-

Beltrami operator of a Riemannian manifold, yet it isn’t elliptic. Nev-
ertheless ∆b is a positive, formally self-adjoint, degenerate elliptic (in
the sense of [13]) operator which is subelliptic of order 1/2 (cf. [20])
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and hence hypoelliptic (cf. [25], a feature that ∆b shares with elliptic
operators). Also for every u ∈ C2(H1)

(11) ∆bu =
1

2
∆0u+ 2i

∂

∂t

(
z
∂u

∂z
− z ∂u

∂z

)
− 2|z|2 ∂

2u

∂t2

where ∆0 is the ordinary Laplacian −(∂2/∂x2 + ∂2/∂y2) on R2 (with
z = x+ iy).

A complex p-form ω is a (p, 0)-form if T0,1(H1) cω = 0. A top degree
(p, 0)-form is a (2, 0)-form. The canonical bundle C → K(H1) → H1

is the bundle of all (2, 0)-forms (a complex line bundle). There is a
natural action of R+ (the multiplicative positive reals) on K0(H1) =
K(H1) \ {zero section} and the quotient space M = K0(H1)/R+ is the
total space of a principal S1-bundle (the canonical circle bundle over
H1). Let π : M→ H1 be the projection. Let θ be a positively oriented
contact form on H1 i.e. a real 1-form such that

Ker(θ) = H(H1) = Re {T1,0(H1)⊕ T0,1(H1)}

(the Levi, or maximally complex, distribution on H1), θ∧dθ is a volume
form on H1, and the Levi form associated to θ

Gθ(Z,Z) = −i(dθ)(Z,Z), Z ∈ T1,0(H1),

(i =
√
−1) is positive definite. If θ1 = dz then each class [ω] mod R+

of ω ∈ K0(H1)x may be represented as

[ω] =
[
λ
(
θ ∧ θ1

)
x

]
∈Mx , λ ∈ C∗ , x ∈ H1 .

In particular the canonical circle bundle is trivial i.e.

(12) M ≈ S1 ×H1 , Φ : [ω] 7−→
(
λ

|λ|
, x

)
,

is a C∞ diffeomorphism. The Heisenberg group H1 also carries a Rie-
mannian metric gθ [the Webster metric of (H1 , θ)] given by

gθ(V,W ) = Gθ(V,W ), gθ(V, ξ) = 0, gθ(ξ, ξ) = 1,

for any V,W ∈ H(H1). The pair (H(H1) , Gθ) is a sub-Riemannian
structure on H1 (cf. [9]) and the Webster metric gθ is a contraction
of Gθ (cf. [31]). For each u ∈ C1(H1) the gradient of u is given by
gθ(∇u, V ) = V (u) for any V ∈ X(H1). The horizontal gradient of u is

∇Hu = ΠH∇u

where ΠH : T (H1)→ H(H1) is the projection associated to the decom-
position T (H1) = H(H1)⊕ Rξ.
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Given a smoothly bounded strictly pseudoconvex domain Ω ⊂ Cn

(n ≥ 2) a Lorentzian metric F on ∂Ω × S1, known nowadays as Fef-
ferman’s metric (cf. [14]), was built by C. Fefferman (cf. [19]). A key
feature of F was that its restricted conformal class

{eu◦π F : u ∈ C∞(∂Ω,R)}

is a biholomorphic invariant of Ω. Here π : ∂Ω× S1 → ∂Ω is the pro-
jection. This prompted the question (also due to C. Fefferman, [19])
whether F admits an intrinsic construction for each strictly pseudocon-
vex real hypersurface M ⊂ Cn+1, such that the restricted conformal
class is a CR invariant of M . The question was settled by J.M. Lee
(cf. [28]) who built a Lorentzian metric Fθ on the total space C(M) of
the canonical circle bundle over a strictly pseudoconvex CR manifold
M , not necessarily embedded, in correspondence to any fixed positively
oriented contact form θ on M . The metric Fθ is computed in terms of
pseudohermitian invariants [of the pseudohermitian manifold (M, θ)]
and the construction of Fθ is such that, whenever M is the boundary
of a strictly pseudoconvex domain Ω ⊂ Cn, the Lorentzian manifold
(C(∂Ω), Fθ) is conformally diffeomorphic to (∂Ω × S1, F ). Through
the present paper we only need J.M. Lee’s result for M = H1 i.e.

Fθ = π∗ G̃θ + 2 (π∗θ)� σ , G̃θ = 2g11 θ
1 � θ1 ,

σ =
1

3

{
dγ + π∗

(
i ω1

1 − i

2
g11 dg11 −

ρ

8
θ

)}
,

where γ is a local fibre coordinate on M and ω1
1 is the connection 1-

form of the Tanaka-Webster connection∇ of (H1 , θ) i.e. ∇L = ω1
1⊗L.

Let ξ = ξθ ∈ X(H1) be the Reeb vector field of (H1, θ) i.e. the unique
nowhere zero, globally defined tangent vector field on H1, transverse to
the Levi distribution H(H1), determined by

θ(ξ) = 1, ξ c dθ = 0.

For simplicity we set ξ0 = ξθ0 . Also if R∇ is the curvature tensor field
of ∇ then we set T1 = L, T1 = L, T0 = ξ and

RA
D
BCTD = R∇(TB , TC)TA , A,B,C, · · · ∈ {1, 1, 0},

g11 = Gθ(L, L), g11 = 1/g11 , R11 = R1
1
11 , ρ = g11R11 .

Here g11, R11 and ρ are respectively the Levi invariant, the pseudo-
hermitian Ricci tensor, and the pseudohermitian scalar curvature of
(H1 , θ). Let us set M = C(H1) for simplicity. By a result of R.C.
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Graham (cf. [21]) σ is a connection 1-form on the principal bundle
S1 →M→ H1. In particular for θ = θ0

G̃θ0 = 2 θ1 � θ1 , σ =
1

3
dγ,

so that σ is flat. Let S ∈ X(M) be the tangent to the S1 action
and choose the local fibre coordinate γ such that S = (3/2) ∂/∂γ on
U(ϕ0) = Φ−1 [ω(ϕ0)×H1], where ω(ϕ0) = {eiϕ : |ϕ − ϕ0| < π} with
ϕ0 ∈ R. If V ∈ X(H1) then let V ↑ ∈ X(M) be the horizontal lift of V
with respect to σ i.e.

V ↑p ∈ Ker(σ)p , (dpπ)V ↑p = Vx , p ∈M, x = π(p) ∈ H1 .

Then Xθ = ξ↑ − S is a globally defined time-like vector field on the
Lorentzian manifold (M, Fθ) i.e. Xθ is a time orientation, so that
(M, Fθ , Xθ) is a space-time. If z = x+ iy and t are canonical coordi-
nates on H1, we endow M with the local coordinates

(xα) ≡ (x0 , xj) ≡ (γ, x ◦ π, y ◦ π, t ◦ π),

where 0 ≤ α ≤ 3, 1 ≤ j ≤ 3. With respect to (xα) the Fefferman
metric Fθ0 reads

Fθ0 = 2
[(
dx1
)2

+
(
dx2
)2]

+
2

3

[
dx3 + 2

(
x1 dx2 − x2 dx1

)]
� dx0 .

We shall write the geodesics equations for the Lorentzian manifold
(M, Fθ0) as the Euler-Lagrange equations of the variational principle

(13) δ

∫
Fµν(x)ẋµẋν ds = 0

i.e.
d

ds

(
∂L

∂ẋµ

)
=

∂L

∂xµ
, L(x, ẋ) ≡ Fµν(x) ẋµ ẋν .

Since

[Fµν ] =



0 −2

3
y

2

3
x

1

3

−2

3
y 2 0 0

2

3
x 0 2 0

1

3
0 0 0
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the Euler-Lagrange equations of (13) are

(14)
d2x0

ds2
= 0,

(15)
d2x1

ds2
− 2

3

dx0

ds

dx2

ds
= 0,

(16)
d2x2

ds2
+

2

3

dx0

ds

dx1

ds
= 0,

(17)
d2x3

ds2
− 4

3
x1
dx0

ds

dx1

ds
− 4

3
x2
dx0

ds

dx2

ds
= 0.

Straightforward integration of the ODE system (14)-(17) leads to the
two families of geodesics of (M, Fθ0)

(18) γ(s) = B0 , z(s) = x(s) + i y(s) = α s+ β, t(s) = a s+ b,

α, β ∈ C, a, b, B0 ∈ R,
and

(19) γ(s) = A0 s+B0 , A0 , B0 ∈ R, A0 6= 0,

(20) (z(s), t(s)) =

(
−1

λ
i α , k

)
·
(
β e−iλ s ,

(
1

λ
|α|2 + λ |β|2

)
s

)
,

α, β ∈ C, k ∈ R, λ =
2

3
A0 .

The dot product in (20) is given by (10). A parallel of (14)-(17) to

dẋµ

ds
+

{
µ
αβ

}
ẋα ẋβ = 0, ẋµ ≡ dxµ

ds
,

furnishes the list of all nonzero Christoffel symbols of Fθ0 i.e.

(21)

{
1
02

}
=

{
1
20

}
= −1

3
,

{
2
01

}
=

{
2
10

}
=

1

3
,

(22)

{
3
01

}
=

{
3
10

}
= −2

3
x,

{
3
02

}
=

{
3
20

}
= −2

3
y.

Consequently if G = det [Fµν ] the Ricci curvature

rβν =

{
α
νβ

}
|α
−
(

log
√
−G
)
|β|ν

+

+

{
σ
νβ

}(
log
√
−G
)
|σ
−
{

σ
αβ

}{
α
νσ

}
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of (M, Fθ0) is

(23) r00 =
2

9
, ri0 = 0, rij = 0, 1 ≤ i, j ≤ 3.

Indeed G = −4/9 hence

rβν =

{
α
νβ

}
|α
−
{

σ
αβ

}{
α
νσ

}
.

Next [by (21)-(22)]

{
α
00

}
= 0 and for instance

r00 = −
{

σ
α0

}{
α
0σ

}
= −2

{
1
20

}{
2
01

}
=

2

9
.

The remaining components of rµν may be computed in a similar man-
ner. The Lorentzian manifold (M, Fθ0) has nonzero curvature, which
may be thought of as the result of a distribution of matter on M.
Therefore the matter, or energy, content of M is described by the
energy-momentum tensor

T µν = rµν − 1

2
r F µν , rµν = F µαF νβrαβ , r = F µνrµν .

Yet [by (23)] r = F 00r00 = 0 hence

(24) [T µν ] =


0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 2

 .

It is our purpose, as explained in § 1, to consider first order perturba-
tions g = Fθ0 + ε h (with ε << 1) and i) look at geodesic motion in
the field g, at the Newtonian limit of velocities, and ii) linearize Ein-
stein field equations on M in the presence of the matter distribution
described by T µν above. In a previous paper (cf. [7]) we started with
first order perturbations θε = θ0 + ε θ of the canonical contact form θ0.
The space of all positively oriented contact forms on H1 is parametrized
by C∞(H1,R) hence θ = e2uθ0 for some smooth function u : H1 → R.
Therefore

(25) θε = e2uε θ0 , uε = log
√

1 + ε e2u .

By a result of J.M. Lee (25) yields (cf. [28])

Fθε =
(
1 + ε e2u◦π

)
Fθ0

i.e. Fθε = Fθ0 + ε h where h = Fθ. It is then tempting to use
hµν = (Fθ)µν as a perturbation matrix, a case in which the linearized
field equations will have θ, and then the scalar field u, as the unknown
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function. Yet for this choice of h one has h00 = Fθ(∂/∂γ , ∂/∂γ) = 0.
Consequently, should one set x0 = γ = c τ and interpret τ as a ”time”
coordinate, the geodesic motion equations on (M, Fθε) will not reduce
(for ε << 1 and ‖v‖/c << 1) to any reasonable pseudohermitian ana-
log to Newton’s law of motion in classical mechanics (as we shall show
in § 3). This is intuitively clear from the classical argument (cf. e.g.
[1], p. 124) that geodesic motion in a weak gravitational field mod-
eled by g0 + εh where g0 = −c2 dτ 2 + dx2 + dy2 + dt2 is the ordinary
Minkowski metric on R4 leads, for ‖v‖/c << 1, to Newton’s law of
motion d2r/dτ 2 = −∇φ in a central force field whose potential φ is es-
sentially the h00 entry of the perturbation matrix [i.e. φ = (c2ε/2)h00].

The next section is then devoted to the study of geodesic motion on
M, at the Newtonian limit of velocities, in the presence of a pertur-
bation Fθ0 + ε h of the Fefferman metric Fθ0 , where the perturbation
matrix h is allowed to have a nontrivial component h00 corresponding
to our choice of a ”time” coordinate γ, though independent of γ (so
that h is a stationary perturbation).

3. Geodesic motion in the classical limit

To build a gravity theory on M starting from small perturbations of
(M, Fθ0) one is led to a third fundamental question as to III) what
is an appropriate choice of time coordinate on M? There is
no moral distinction between the Cartesian coordinates (x0, x, y, z)
on R4 and one may rather arbitrarily fix a coordinate, say x0, and set
x0 = c t. This symmetry is lost when looking at the local coordinate
system (γ, x◦π, y◦π, t◦π) induced on M by the Cartesian coordinates
(x, y, t) on H1 ≈ R3. It is natural to regard H1 as ordinary space
hence our choice is to think of (the vertical lift of) (x, y, z) as space
coordinates and of the additional local fibre coordinate x0 = γ as the
time coordinate: this is however intimately tied to (x, y, z) through the
manifold structure of M (in the spirit of general - as opposed to special -
relativity theory, formulated on an arbitrary 4-dimensional manifold of
vanishing Euler-Poincaré characteristic). Let h be a symmetric (0, 2)-
tensor field on M and let us set

(26) g = Fθ0 + ε h, ε << 1.

Let C : (−δ, δ)→M be a time-like curve in (M, g) locally given by

(27) C(τ) =
(
c τ, C1(τ), C2(τ), C3(τ)

)
, |τ | < δ,

where c is the velocity of light in vacuum. By the implicit function
theorem any smooth curve C in M may be locally represented as in
(27) i.e. such that time in M is a parameter along C. However τ is
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not the proper time i.e. time as perceived by an observer attached
to C [and a change of parameter as given by (28) is needed]. Let
vj = dCj/dτ , 1 ≤ j ≤ 3, and β = ‖v‖/c where v = (v1, v2, v3) and

‖v‖ =
(∑3

j=1(v
j)2
)1/2

. If

(28) s = φ(τ) =

∫ τ

0

[
−gC(u)

(
Ċ(u) , Ċ(u)

)] 1
2
du

and xµ(s) = Cµ(φ−1(s)) then the geodesic equations are

(29)
d2xα

ds2
+

{
α
µν

}
dxµ

ds

dxν

ds
= 0.

Here{
α
µν

}
= gασ {µν, σ} , {µν, σ} =

1

2

(
gµσ|ν + gνσ|µ − gµν|σ

)
,

f|µ = ∂f/∂xµ , f ∈ C1(M).

We wish to derive the geodesic equations of motion (29) in the gravi-
tational field g, in the weak field (ε << 1) and low velocity (β << 1)
limit. In the subsequent elementary asymptotic analysis we drop terms
of order O(ε2), O(β2), O(ε β) and higher. Throughout we assume that
the perturbation matrix [hµν ] in (26) doesn’t depend on the fibre coor-
dinate γ i.e.

(30) hµν|0 = 0.

As x0 = γ is thought of as a time coordinate the assumption (30)
corresponds to a static (i.e. time independent) perturbation matrix.
Let us set r = π ◦ C. The tangent vector along C is

Ċ(τ) = c

(
∂

∂γ

)
C(τ)

+ vi(τ)

(
∂

∂xi

)
C(τ)

hence

G̃θ0 , r(τ)(ṙ(τ), ṙ(τ)) = 2
[(
v1
)2

+
(
v2
)2]

,

θ0,r(τ)(ṙ(τ)) = v3 + 2
[
C1(τ) v2 − C2(τ) v1

]
,

Fθ0 , C(τ)(Ċ(τ), Ċ(τ)) = −c2H(τ) + 2
[(
v1
)2

+
(
v2
)2]

,

so that

(31) gC(τ)(Ċ(τ), Ċ(τ)) = −c2H(τ) + 2
[(
v1
)2

+
(
v2
)2]

+

+ε hµν(C(τ))
dCµ

dτ

dCν

dτ
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where

H(τ) =
2

3

[
2C2(τ)

v1

c
− 2C1(τ)

v2

c
− v3

c

]
= O(β).

On the other hand

hµν(C(τ))
dCµ

dτ

dCν

dτ
=

= c2
[
h00(C(τ)) + 2h0j(C(τ))

vj

c
+ hjk(C(τ))

vj

c

vk

c

]
≈

(by dropping O(β2))

≈ c2
[
h00(C(τ)) + 2h0j(C(τ))

vj

c

]
and (31) becomes

(32) gC(τ)

(
Ċ(τ), Ċ(τ)

)
= c2 [−H(τ) + ε h00(C(τ))] .

As a consequence of (32)

φ′(τ) ≈ c [H(τ)− ε h00(C(τ))]
1
2

so that

(33)
dxλ

ds
(φ(τ)) =

1

c
[H(τ)− ε h00(C(τ))]−

1
2
dCλ

dτ
.

Differentiation with respect to τ in (33) together with

[H(τ)− ε h00(C(τ))]−1 =
1

H(τ)
+

ε

H(τ)2
h00(C(τ)) +O(ε2)

yields

(34) c2 [H(τ)− ε h00(C(τ))]
d2xλ

ds2
=
d2Cλ

dτ 2
−

−1

2
[H(τ)− ε h00(C(τ))]−1

[
2

3c
G(τ)− ε h00|j(C(τ))

dCj

dτ

]
dCλ

dτ

where

G(τ) = 2C2(τ)
d2C1

dτ 2
− 2C1(τ)

d2C2

dτ 2
− d2C3

dτ 2
.

Yet

ε h00|j(C(τ))
vj

c
= O(εβ)

and (34) reads

(35) c2 (H − ε h00)
d2xλ

ds2
=
d2Cλ

dτ 2
− 1

3c

(
1

H
+

ε

H2
h00

)
G(τ)

dCλ

dτ
.
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Next (by (33)) {
µ
λσ

}
(C(τ))

dxλ

ds
(φ(τ))

dxσ

ds
(φ(τ)) =

=
1

c2 (H − c h00)

{
µ
λσ

}
(C(τ))

dCλ

dτ

dCσ

dτ

or (by dropping O(β2))

(36)

{
µ
λσ

}
dxλ

ds

dxσ

ds
=

1

H − ε h00

{
µ
00

}
.

Moreover {
µ
00

}
= gµν {00, ν} = −1

2
gµν g00|ν

so that

(37)

{
µ
00

}
= − ε

2
gµν h00|ν .

Next one may observe that

(38) gµν = F µν − ε hµν +O(ε2)

where (cf. e.g. [4])

(39) [F µν ] =



0 0 0 3

0
1

2
0 y

0 0
1

2
−x

3 y −x 2|z|2


[the inverse of Fµν = Fθ0(∂/∂x

µ , ∂/∂xν)] and hµν = FαµF σνhασ. One
may conclude (by (37)-(38))

(40)

{
µ
00

}
= − ε

2
F µν h00|ν .

Equations (35)-(36) and (40) imply geodesic motion (29) is governed
by

(41)
d2Cµ

dτ 2
− 1

3c

(
1 +

ε

H
h00

) G
H

dCµ

dτ
=
c2ε

2
F µk h00|k

i.e. for µ = j (respectively for µ = 0)

(42)
d2Cj

dτ 2
− 1

3c

G

H
vj =

c2ε

2
F jk h00|k ,
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(43) −1

3

(
1 +

ε

H
h00

) G
H

=
c2ε

2
F 0k h00|k .

By (39) and [1 + (ε/H)h00]
−1 ≈ 1− (ε/H)h00 equation (43) simplifies

to

(44) −1

3

G

H
=

3c2ε

2

∂h00
∂t

and substitution from (44) into (42) leads to

(45)
d2Cj

dτ 2
=
c2ε

2
F jk h00|k .

Next (by taking into account (39))

F 1k h00|k =
1

2
X(h00) , F 2k h00|k =

1

2
Y (h00), F 3k h00|k = V (h00),

where

X =
∂

∂x
+ 2y

∂

∂t
, Y =

∂

∂y
− 2x

∂

∂t
,

V = y
∂

∂x
− x ∂

∂y
+ 2|z|2 ∂

∂t
= y X − xY,

(so that L = 1
2
(X − iY )). Summing up, equations (44)-(45) are

(46) G(τ) = −9c2ε

2
H(τ)

∂h00
∂t

(C(τ)),

(47)
d2C1

dτ 2
=
c2ε

4
X(h00)C(τ) ,

d2C2

dτ 2
=
c2ε

4
Y (h00)C(τ) ,

(48)
d2C3

dτ 2
=
c2ε

2
V (h00)C(τ) .

An inspection reveals (46) as a linear combination of (47)-(48). Finally
if

d2r

dτ 2
=
d2Cj

dτ 2

(
∂

∂xj

)
r(τ)

then (47)-(48) become

(49)
d2r

dτ 2
=
c2ε

4
{X(h00)X + Y (h00)Y }r(τ) .

For each u ∈ C1(H1) let ∇Hu be the horizontal gradient of u with
respect to the canonical contact form θ0. If E1 = (1/

√
2)X and E2 =

(1/
√

2)Y then ∇Hu =
∑2

a=1Ea(u)Ea and (49) becomes

(50)
d2r

dτ 2
= −

(
∇Hφ

)
r(τ)
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where

(51) φ = −c
2ε

2
h00 .

Viceversa, given the classical potential φ, the motion of a particle will
follow a geodesic of (M, g) if the g00 term of the metric has the form
g00 = −(2/c2)φ. The other components of g enter our asymptotic
scheme only through the assumptions that they are time independent
and nearly Feferman (i.e. close to the components of Fθ0). As shown
in the successive § 4 if (26) is a solution to Einstein’s field equations [in
a nonempty space, whose matter content is described by the energy-
momentum tensor (24)] to order O(ε) then ∆bφ = 0.

4. Gravitational field equations

By recent work of C.D. Hill & J. Lewandowski & P. Nurowski (cf.
[24]) local embeddability of 3-dimensional CR manifolds M is closely
tied to the existence of Lorentzian metrics on M × R satisfying Ein-
stein’s equations Rµν = Λ gµν . The knowledge that CR structures may
be associated, in a natural manner, to certain classes of Lorentzian met-
rics is certainly older and goes back to the work by I. Robinson & A.
Trautman (cf. [30]) and A. Trautman (cf. [32]). Cf. also [27] and [10].
Fefferman metrics belong to this class, and they may actually be char-
acterized (cf. [21]) as the Lorentzian metrics g on the 4-dimensional
manifold M admitting a null Killing vector field K ∈ X(M) such that
K cW = K cC = 0 and Ric(K,K) > 0, where W , C and Ric are the
Weyl, Cotton and Ricci tensors of g. Given such a Lorentzian metric
g, the leaf space M/K may be organized, at least locally, as a C∞

manifold M carrying a strictly pseudoconvex CR structure and a pos-
itively oriented contact form θ such that (M, g) be locally isometric to
(C(M), Fθ). To (locally) embed a 3-dimensional CR manifold M one
needs (cf. e.g. [12]) to determine two functionally independent (local)
CR functions fa, a ∈ {1, 2}, on M , so that (f1, f2) : M → C2 is (lo-
cally) a CR immersion. The subtle approach to the problem by C.D.
Hill et al. (cf. op. cit.) is to write the Cartan structure equations (for
the Einstein metric g at hand)

dΓµν + Γµα ∧ Γαν =
1

2
Rµ

ναβ Θα ∧Θβ

with respect to a special (local) frame {Θµ : 0 ≤ µ ≤ 3} [with Θa, a ∈
{1, 2}, complex 1-forms and Θb, b ∈ {3, 4} real forms such that g admits
a particularly simple local representation i.e. g12 = g21 = 1, g03 = g30 =
1, and gµν = 0 otherwise] and find indices (µ0 , ν0) such that Γµ0ν0 =
0 is (as a consequence of Einstein’s equations) an involutive complex
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Pfaffian system on (an open subset of) M. Then, by a combination of
the classical Frobenius theorem (for real Pfaffian systems) and existence
of isothermal coordinates (on a Riemann surface) one may represent
Γµ0ν0 as Γµ0ν0 = h dζ for some complex function ζ with dζ ∧ dζ 6= 0,
whose projection on M gives the desired (local) CR function. The
existence of a solution gµν to the field equations (3) [rather than Rµν =
Λgµν ] written on an open set of M × R is expected [in view of Hill-
Lewandowski-Nurowski’s scheme, producing CR functions] to require
peculiar properties of the base CR structure. These properties are so far
unknown and will be addressed in further work. It should be mentioned
that we neither continue nor explain the results in [24] but merely
conduct our calculations with respect to a special (globally defined)
coframe chosen as in [24] i.e.

Θ1 = π∗θ1 , Θ2 = π∗θ1 , Θ3 = 2Fθ0(S , · ), Θ0 = σ,

so that Θ3 = π∗θ0. Then the Fefferman metric Fθ0 admits the simple
representation

Fθ0 = 2
{

Θ1 �Θ2 + Θ3 �Θ0
}
.

Let {Xµ : 0 ≤ µ ≤ 3} be the dual frame i.e. Θµ(Xν) = δµν . Then

(52) X1 = L↑ , X2 = L
↑
, X3 = ξ↑0 , X0 = 2S,

where horizontal lifting is meant with respect to Graham’s connection
1-form σ0 = (1/3) dγ. If Fµν = Fθ0(Xµ , Xν) and [F µν ] = [Fµν ]

−1 then

F12 = F21 = 1, F03 = F30 = 1,

F 12 = F 21 = 1, F 03 = F 30 = 1,

(µν) 6∈ {(12), (21), (03), (30)} =⇒ Fµν = 0, F µν = 0.

Let D be the Levi-Civita connection of (M, g) and RD its curvature
tensor field. We adopt the conventions

DXµXν = ΓαµνXα ,

Rα
µβνXα = RD(Xβ , Xν)Xµ , Rµν = Rα

µαν .

As D is torsion-free [Xµ , Xν ] =
(
Γαµν − Γανµ

)
Xα. Hence

Rα
µβν = Xβ

(
Γανµ
)
−Xν

(
Γαβµ
)

+ ΓσνµΓαβσ − ΓσβµΓανσ − ΓσβνΓ
α
σµ + ΓσνβΓασµ

and the Ricci curvature is

(53) Rµν = Xα

(
Γανµ
)
−Xν

(
Γααµ
)

+ ΓσνµΓαασ − ΓσανΓ
α
σµ .
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From now on we represent the perturbation matrix as

[hµν ] =


a v v u
v ω b β
v b ω β
u β β α

 , hµν = h (Xµ , Xν) ,

with a, b, u, α ∈ C∞(H1 , R) and v, β, ω ∈ C∞(H1 , C). Indeed if

b = h12 = h21 then b = h(X1, X2) = h(X2, X1) = b so b is real valued.

Lemma 1. The Ricci tensor of (M, g) is given by

(54) R00 = 2 +
ε

2
∆ba+ 4ε(u− b)− 2iε

[
L(v)− L(v)

]
,

(55) R10 = R01 =
ε

2

[
L2(v)− LL(v) + ξ0L(a)

]
+

+i ε [L(2u− b)− ξ0(v)] + 2 ε β ,

(56) R20 = R02 =
ε

2

{
L
2
(v)− LL(v) + ξ0L(a)

}
−

−i ε
[
L(2u− b)− ξ0(v)

]
+ 2 ε β,

(57) R30 = R03 =
ε

2

{
∆bu+ Lξ0(v) + Lξ0(v) + ξ20(a)

}
+

−i ε
[
L(β)− L(β)

]
+ 2 ε α,

(58) R11 = ε
[
ξ0L(v)− L2(u)

]
+ i ε ξ0(ω),

(59) R22 = ε
[
ξ0L(v)− L2

(u)
]
− i ε ξ0(ω),

(60) R33 =
ε

2
∆bα + ε

[
−ξ20(b) + Lξ0(β) + Lξ0(β)

]
,

(61) R21 =
ε

2

[
−2LL (u+ b) + ξ0L(v) + ξ0L(v) + L2(ω) + L

2
(ω)
]

+

+2 i ε
[
L(β)− L(β)

]
− i ε ξ0(u+ b)− 2εα,

(62) R12 =
ε

2

[
−2LL(u+ b) + ξ0L(v) + ξ0L(v) + L2(ω) + L

2
(ω)
]

+

+2 i ε
[
L(β)− L(β)

]
+ i ε ξ0(u+ b)− 2εα ,

(63) R31 = R13 = i ε
[
L(α)− ξ0(β)

]
+

+
ε

2

[
−Lξ0 (u+ b) + ξ20(v) + L2(β)− LL(β) + Lξ0(ω)

]
,

(64) R32 = R23 = i ε
[
ξ0(β)− L(α)

]
+
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+
ε

2

[
−Lξ0(u+ b) + ξ20(v) + L

2
(β)− LL(β) + ξ0L(ω)

]
,

to order O(ε). One has

R20 = R10 , R22 = R11 , R21 = R12 , R32 = R31 .

In particular the scalar curvature of (M, g) is given by

(65) R = ε
[
∆b (2u+ b) + ξ20(a)

]
+ 2ε

[
Lξ0(v) + Lξ0(v)

]
+

+ε
[
L2(ω) + L

2
(ω)
]

+ 2 i ε
[
L(β)− L(β)

]
− 2 ε α

to order O(ε).

The computational details leading to Lemma 1 are relegated to Ap-
pendix A. Let

T µν ∂/∂xµ � ∂/∂xν = 2 ∂/∂x3 ⊗ ∂/∂x3 = T̊ µν Xµ �Xν

be the energy-momentum tensor as considered in § 2. Its components
with respect to the frame (52) are T̊ µν = 2 δµ3 δ

ν
3 hence T̊µν = gµαgνβT̊

αβ

is given by

[
T̊µν

]
=


2(1 + 2εu) 2εβ 2εβ 2εα

2εβ 0 0 0
2εβ 0 0 0
2εα 0 0 0

+O(ε2).

Also the trace-less Ricci tensor of (M, g) is[
Rµν −

1

2
Rgµν

]
=

=


R00 R01 R02 R03 − 1

2
R

R10 R11 R12 − 1
2
R R13

R20 R21 − 1
2
R R22 R23

R30 − 1
2
R R31 R32 R33

+O(ε2)

hence (by Lemma 1 and
[
L,L

]
= −2iξ0) Einstein’s equations Rµν −

1
2
Rgµν = T̊µν are [to order O(ε)]

(66) ∆ba− 4
{

2b+ i
[
L(v)− L(v)

]}
= 0,

(67) ξ0(La) + 2i L(2u− b) + L2(v)− LL(v) = 0,

(68) ∆b (u+ b) + Lξ0(v) + Lξ0(v) + L2(ω) + L
2
(ω)+

+4i
[
L(β)− L(β)

]
− 2α = 0

(69) L2(u)− ξ0L(v)− i ξ0(ω) = 0,
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(70) ∆b(2u+ b) + ξ20(a) + 2LL(u+ b) + Lξ0(v) + Lξ0(v)−
−2i

[
L(β)− L(β)

]
+ 2i ξ0(u+ b) + 2α = 0

(71) −Lξ0 (u+ b) + ξ20(v) + L2(β)− LL(β) + Lξ0(ω)+

+2i
[
L(α)− ξ0(β)

]
= 0,

(72) ∆bα− 2 ξ20(b) + 2
[
Lξ0(β) + Lξ0(β)

]
= 0,

(merely conjugate equations were omitted). Equations (66)-(72) are
Einstein’s equations on M linearized about Fθ0 . To provide a peudoher-
mitian analog to Einstein’s results (producing a spherically symmetric
solution to the gravitational field equations, cf. [17]) one should look for
solutions with Heisenberg spherical symmetry i.e. hµν(x) = fµν(r) with
r = |x| for some functions fµν to be determined from (66)-(72). Here

|x| = (|z|4 + t2)
1/4

is the Heisenberg norm of x = (z, t) ∈ H1. While
this is left as an open problem, a nontrivial solution to (66)-(72) fur-
nishing a diagonal perturbation matrix [hµν ] = diag (a, ω, ω, α) may
be determined as follows. If b = u = 0 and β = v = 0 then the system
(66)-(72) becomes

(73) ∆ba = 0,

(74) ξ0(La) = 0,

(75) L2(ω) + L
2
(ω)− 2α = 0,

(76) ξ0(ω) = 0,

(77) ξ20(a) + 2α = 0,

(78) Lξ0(ω)− 2i L(α) = 0,

(79) ∆bα = 0.

We need the following

Lemma 2. Any real valued CR function on H1 is a constant.

Proof. Let f be a R-valued CR function i.e. f is a C1 solution
to the tangential Cauchy-Riemann equations Lf = 0. By complex
conjugation Lf = 0 hence

0 =
[
L , L

]
f = −2i ξ0(f)

implying that f is a constant. Q.e.d.

Let (a, ω, α) be a solution to (73)-(79). As [L , ξ0] = 0 equation (74)
shows that ξ0(a) is a real valued CR function on H1 hence (by Lemma
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2) ξ0(a) = C for some C ∈ R. Then [by (77)] α = 0 and the system
(73)-(79) reduces to

(80) ∆ba = 0,

(81) L2(ω) + L
2
(ω) = 0,

(82) ξ0(ω) = 0.

Equation (82) shows that ω(z, t) = f(z) + i g(z) for some real valued
functions f , g of one complex variable. Then (80)-(82) reads [cf. also
(11)]

(83) axx + ayy = 0,

(84) fxx − fyy + 2 gxy = 0,

with z = x + iy. Moreover ξ0(a) = C yields a(z, t) = Ct + F (z) with
∆0F = 0 [by (83)]. A solution with spherical symmetry F (z) = ψ(|z|)
is ψ(ρ) = 1

2π
log ρ (the fundamental solution to Laplace equation in the

plane) hence

(85) a(z, t) = C t+
1

2π
log |z|.

As to equation (84) one looks for solutions of the form f(z) = A(η)
and g(z) = B(η) with η = x/|y| so that(

1− η2
)
A′′(η)− 2η A′(η) = ± [η B′′(η) +B′(η)]

according to whether ±y > 0. In particular if(
1− η2

)
A′(η) = k, η B′(η) = m,

for some constants k,m ∈ R then

A(η) = k log

∣∣∣∣1− η1 + η

∣∣∣∣+ `, B(η) = m log |η|+ p,

with k, `, m, p ∈ R. Finally

(86) ω = k log

∣∣∣∣x− |y|x+ |y|

∣∣∣∣+ `+ i

[
m log

∣∣∣∣xy
∣∣∣∣+ p

]
.

Summing up [by (85)-(86) and α = 0]

(87) g = ε

[
t+

1

2π
log |z|

] (
Θ0
)2

+

+ε

[
log

∣∣∣∣x− |y|x+ |y|

∣∣∣∣− i log

∣∣∣∣xy
∣∣∣∣] (Θ1

)2
+
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+ε

[
log

∣∣∣∣x− |y|x+ |y|

∣∣∣∣+ i log

∣∣∣∣xy
∣∣∣∣] (Θ2

)2
+

+2
(
Θ0 �Θ3 + Θ1 �Θ2

)
is a solution to Einstein’s equations (3) to order O(ε).

5. Conclusions and final comments

The total space M of the principal circle bundle over the 3-dimen-
sional Heisenberg group H1, endowed with the Fefferman metric Fθ0
and the time orientation ξ↑0 − S, is a space-time. The metric Fθ0 is
not flat and one may identify, as foundational for general relativity
theory, geometry to matter content of space described by the energy-
momentum tensor T̊ µν = ρ0 u

µuν where ρ0 = 2 and the four-velocity
flow is uµ = δµ3 .

The formal similarity between T̊ µν (the trace-less Ricci tensor of Fθ0)

and (9.7) in [1], p. 263, allows for the physical interpretation of T̊ µν as
a field of non-interacting incoherent matter described by a four-vector
field of flow uµ and a scalar proper density field ρ0, moving at low [by

also comparing T̊ µν with (9.84) in [1], p. 277] velocity.

Linearization of Einstein’s equations Rµν − 1
2
Rgµν = T̊µν about Fθ0

is expected to produce linear PDEs whose principal part is the wave op-
erator � (the Laplace-Beltrami operator of the Lorentzian metric Fθ0).
Indeed the linearized field equations (73)-(78) involve the sublaplacian
∆b of (H1 , θ0), which is the same as � on functions not depending on
the ”time” coordinate γ [for, by a result of J.M. Lee, [28], π∗� = ∆b].

Geodesic motion on (M, Fθ0 + ε h) in the classical limit of veloc-
ities ‖v‖/c << 1 was shown to be motion of a particle in a force
field F which is the horizontal gradient F = −∇Hφ rather than the
full gradient (with respect to the Webster metric gθ0) of the potential
φ = −(c2ε/2)h00 which, as a consequence of linearized field equations,
satisfies ∆bφ = 0. We derive a particular nontrivial solution h to (73)-
(78) given by

t+ 1
2π

log |z| 0 0 0

0 log
∣∣∣x−|y|x+|y|

∣∣∣− i log
∣∣∣xy ∣∣∣ 0 0

0 0 log
∣∣∣x−|y|x+|y|

∣∣∣+ i log
∣∣∣xy ∣∣∣ 0

0 0 0 0

 .

The problem of existence of solutions to (66)-(71) which aren’t neces-
sary diagonal is expected to depend on the further progress of linear
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subelliptic theory and its applications to CR geometry (cf. [16] for the
state-of-the-art).

Appendix A. Linearized Ricci curvature

Our purpose in Appendix A is to give a proof of Lemma 1. The
methods consist of a mix of tensor calculus (within pseudohermitian
geometry on H1) and principal bundle techniques (cf. [23]).

Let D̊ be the Levi-Civita connection of (M, Fθ0) and let us set

D̊XµXν = Γ̊αµνXα. Using

[Xµ , Xν ] =
(

Γ̊αµν − Γ̊ανµ

)
Xα ,

2 g(DXY , Z) = X(g(Y, Z)) + Y (g(X,Z))− Z(g(X, Y ))+

+g([X, Y ], Z) + g([Z,X], Y )− g([Y, Z], X),

for any X, Y, Z ∈ X(M), one derives

(88) Γλαβ = gµλΓαβµ +Bλ
αβ

where

Bλ
αβ =

1

2

{
Γ̊λαβ − Γ̊λβα+

+
(

Γ̊σµα − Γ̊σαµ

)
gσβg

µλ +
(

Γ̊σµβ − Γ̊σβµ

)
gσαg

µλ
}
,

Γαβµ =
1

2
{Xα(gβµ) +Xβ(gαµ)−Xµ(gαβ)} .

We shall use (88) to compute Γλαβ to order O(ε). To this end we deter-

mine Γ̊λαβ from (cf. [2] for n = 1 and θ = θ0)

(89) D̊X↑Y ↑ = (∇̊XY )↑ − (dθ0)(X, Y ) ξ↑ + σ0
([
X↑ , Y ↑

])
S,

(90) D̊X↑ξ↑ = 0,

(91) D̊ξ↑X
↑ = (∇̊ξX)↑ ,

(92) D̊X↑S = D̊SX
↑ =

1

2
(JX)↑ ,

(93) D̊SS = D̊Sξ
↑ = D̊ξ↑S = D̊ξ↑ξ

↑ = 0,

for any X, Y ∈ H(H1). Here ∇̊ is the Tanaka-Webster connection
of (H1 , θ0). Also ξ is short for ξ0. Using (89)-(93) one profits from
the progress in [2], relating the Lorentzian geometry on (M, Fθ0) to
pseudohermitian geometry on (H1 , θ0), and bearing a strong analogy
to the techniques of B. O’Neill, [29]. However the results in [29] are
derived for Riemannian submersions while π : (M, Fθ0) → (H1 , gθ0)
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isn’t even semi-Riemannian (the fibres of π are degenerate). Formula
(89) is useful together with

(94)
[
X↑ , Y ↑

]
= [X, Y ]↑

(cf. (35) in [2] for n = 1) showing that σ0([X
↑, Y ↑]) = 0. Formulas

(89)-(93) yield

(95) Γ̊α01 = Γ̊α10 = i δα1 , Γ̊α02 = Γ̊α20 = −i δα2 , Γ̊α12 = −Γ̊α21 = −i δα3 ,

and the remaining connection coefficients are zero. Similar to (38)

gµν = F µν − ε hµν +O(ε2)

with the new meaning of components of tensors involved, as related to
the nonholonomic frame {Xµ : 0 ≤ µ ≤ 3} rather than {∂/∂xµ : 0 ≤
µ ≤ 3}. Hence

(96) gµλΓαβµ =
ε

2
F µλ {Xα(hβµ) +Xβ(hαµ)−Xµ(hαβ)}

with the corresponding modification of (88). Next (95) implies

(97)
[
Bλ
αβ

]
0≤α,β≤3 =

=


0 i g03g

2λ −i g03g1λ 0
i g03g

2λ 2i g13g
2λ Bλ

12 i g33g
2λ

−i g03g1λ Bλ
21 −2i g23g

1λ −i g33g1λ
0 i g33g

2λ −i g33g1λ 0


where

Bλ
12 = i

(
−δλ3 + g23g

2λ − g13g1λ
)
, Bλ

21 = i
(
δλ3 + g23g

2λ − g13g1λ
)
.

Note that hµν = F µβF νγhβγ are

[hµν ] =


α β β u
β ω b v
β b ω v
u v v a


hence Bλ

µν simplifies to

(98)
[
B0
µν

]
0≤µ,ν≤3 =


0 −i ε β i ε β 0
−i ε β 0 0 0
i ε β 0 0 0

0 0 0 0

+O(ε2),

(99)
[
B1
µν

]
0≤µ,ν≤3 =
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=


0 i [1 + ε(u− b)] i ε ω 0

i [1 + ε(u− b)] 2i ε β i ε β i ε α
i ε ω i ε β 0 0

0 i ε α 0 0

+O(ε2),

(100)
[
B2
µν

]
0≤µ,ν≤3 =

=


0 −i ε ω −i [1 + ε(u− b)] 0
−i ε ω 0 −i ε β 0

−i [1 + ε(u− b)] −i ε β −2i ε β −i ε α
0 0 −i ε α 0

+O(ε2),

(101)
[
B3
µν

]
0≤µ,ν≤3 =

=


0 −i ε v i ε v 0
−i ε v 0 −i 0
i ε v i 0 0
0 0 0 0

+O(ε2).

Then (88) yields

(102) Γ0
00 = − ε

2
ξ(a), Γ1

00 = − ε
2
L(a), Γ2

00 = − ε
2
L(a), Γ3

00 = 0,

(103) Γ0
10 = Γ0

01 = −i ε β +
ε

2
[L(u)− ξ(v)],

Γ1
10 = Γ1

01 = i [1 + ε(u− b)] +
ε

2

[
L(v)− L(v)

]
,

Γ2
10 = Γ2

01 = −i ε ω, Γ3
10 = Γ3

01 = −i ε v +
ε

2
L(a),

(104) Γ0
20 = Γ0

02 = i ε β +
ε

2

[
L(u)− ξ(v)

]
, Γ1

20 = Γ1
02 = i ε ω,

Γ2
20 = Γ2

02 = −i[1 + ε(u− b)] +
ε

2

[
L(v)− L(v)

]
,

Γ3
20 = Γ3

02 = i ε v +
ε

2
L(a),

(105) Γ0
30 = Γ0

03 = 0, Γ1
30 = Γ1

03 =
ε

2

[
ξ(v)− L(u)

]
,

Γ2
30 = Γ2

03 =
ε

2
[ξ(v)− L(u)], Γ3

30 = Γ3
03 =

ε

2
ξ(a),

and in particular

(106) Γλλ0 = 0.

Moreover

(107) Γ0
11 =

ε

2

[
2L(β)− ξ(ω)

]
, Γ1

11 = 2iε β +
ε

2

[
2L(b)− L(ω)

]
,
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Γ2
11 =

ε

2
L(ω), Γ3

11 = ε L(v),

(108) Γ0
21 =

ε

2

[
L(β) + L(β)− ξ (b)

]
,

Γ1
21 = iεβ +

ε

2
L(ω), Γ2

21 = −iεβ +
ε

2
L(ω),

Γ3
21 = i+

ε

2

[
L(v) + L(v)

]
,

(109) Γ0
12 =

ε

2

[
L(β) + L(β)− ξ (b)

]
,

Γ1
12 = iεβ +

ε

2
L(ω), Γ2

12 = −iεβ +
ε

2
L(ω),

Γ3
12 = −i+

ε

2

[
L(v) + L(v)

]
,

(110) Γ0
31 = Γ0

13 =
ε

2
L(α),

Γ1
31 = Γ1

13 = i ε α +
ε

2

[
ξ(b) + L(β)− L(β)

]
,

Γ2
31 = Γ2

13 =
ε

2
ξ(ω), Γ3

31 = Γ3
13 =

ε

2
[ξ(v) + L(u)],

and in particular

(111) Γλλ1 = ε L(u+ b).

Moreover

(112) Γ0
22 =

ε

2

[
2L(β)− ξ(ω)

]
, Γ1

22 =
ε

2
L(ω),

Γ2
22 = −2iεβ +

ε

2

[
2L(b)− L(ω)

]
, Γ3

22 = ε L(v),

(113) Γ0
32 = Γ0

23 =
ε

2
L(α), Γ1

32 = Γ1
23 =

ε

2
ξ(ω),

Γ2
32 = Γ2

23 = −i ε α +
ε

2

[
ξ(b) + L(β)− L(β)

]
,

Γ3
32 = Γ3

23 =
ε

2

[
ξ(v) + L(u)

]
,

and then

(114) Γλλ2 = ε L(u+ b).

Similarly

(115) Γ0
33 =

ε

2
ξ(α),

Γ1
33 =

ε

2

[
2 ξ(β)− L(α)

]
, Γ2

33 =
ε

2

[
2 ξ(β)− L(α)

]
,

Γ3
33 = ε ξ(u),
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and then

(116) Γλλ3 = ε ξ(u+ b).

Next (by (53) and X0(Γ
α
α0) = 0)

(117) R00 = Xα (Γα00) + Γσ00Γ
α
ασ − Γσα0Γ

α
σ0

where (by (102) and (106), (111), (114), respectively by (102)-(103))

Γσ00Γ
λ
λσ = Γj00Γ

λ
λj =

= ε L(u+ b) Γ1
00 + ε L(u+ b) Γ2

00 + ε ξ(u+ b) Γ3
00 = O(ε2),

Γσλ0Γ
λ
σ0 = −2[1 + 2ε(u− b)] + 2iε

[
L(v)− L(v)

]
+O(ε2),

Xλ

(
Γλ00
)

=
ε

2
∆ba.

Consequently (117) becomes

R00 =
ε

2
∆ba+ 2[1 + 2ε(u− b)]− 2iε

[
L(v)− L(v)

]
+O(ε2)

and (54) is proved. Next (by X0(Γ
α
α1) = 0)

R10 = Xα (Γα01) + Γσ01Γ
α
ασ − Γσα0Γ

α
σ1 ,

Xα (Γα01) =
ε

2

[
L2(v)− LL(v) + Lξ(a)

]
+

+iε L(u− b)− iε L(ω)− iε ξ(v),

Γσ01Γ
λ
λσ = ε i L(u+ b) +O(ε2),

Γσλ0Γ
λ
σ1 = −2ε β + ε i

[
L(b)− L(ω)

]
+O(ε2),

hence (55) is proved. Collecting the information in (106), (111), (114)
and (116) the contracted Christoffel symbols are given by

(118) Γλλσ =



0, σ = 0,

ε L(u+ b), σ = 1,

ε L(u+ b), σ = 2,

ε ξ(u+ b), σ = 3,

hence
R20 = Xα (Γα02) + Γσ02Γ

α
ασ − Γσα0Γ

α
σ2 ,

Xα (Γα02) =
ε

2

[
L
2
(v)− LL(v) + ξL(a)

]
+ iε

[
L(ω)− L(u− b) + ξ(v)

]
,

Γσ02Γ
α
ασ = −i ε L(u+ b) +O(ε2),

Γσα0Γ
α
σ2 = i ε

[
L(ω)− L(b)

]
− 2εβ +O(ε2),
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and (56) is shown to hold as well. Similarly

R30 = Xλ

(
Γλ03
)

+ Γσ03Γ
λ
λσ − Γσλ0Γ

λ
σ3 ,

Xλ

(
Γλ03
)

=
ε

2

{
∆bu+ Lξ(v) + Lξ(v) + ξ2(a)

}
,

Γσ03Γ
λ
λσ = O(ε2),

Γσλ0Γ
λ
σ3 = i ε

[
L(β)− L(β)

]
− 2 ε α +O(ε2),

R11 = Xλ

(
Γλ11
)
−X1

(
Γλλ1
)

+ Γσ11Γ
λ
λσ − Γσλ1Γ

λ
σ1 ,

Xλ

(
Γλ11
)

= ε
[
L2(b) + ξL(v)

]
+ i ε

[
2L(β) + ξ(ω)

]
,

X1

(
Γλλ1
)

= ε L2(u+ b),

Γσ11Γ
λ
λσ = O(ε2), Γσλ1Γ

λ
σ1 = 2 iε L(β) +O(ε2),

thus leading to (57)-(58). The calculation of R21 is a bit trickier and a
few computational details are provided below. By (109) and (118)

(119) Γσ12Γ
λ
λσ = −i ε ξ(u+ b) +O(ε2).

Moreover

Γσλ1Γ
λ
σ2 = Γσ01Γ

0
σ2 + Γσ11Γ

1
σ2 + Γσ21Γ

2
σ2 + Γσ31Γ

3
σ2 =

[by (102), (107), (109) and (110)]

=
{
i [1 + ε(u− b)] +

ε

2

[
L(v)− L(v)

]}
Γ0
12+

+
ε

2

[
L(β) + L(β)− ξ(b)

]
Γ2
02 +

{
i+

ε

2

[
L(v) + L(v)

]}
Γ2
32+

+
{
i ε α +

ε

2

[
ξ(b) + L(β)− L(β)

]}
Γ3
12 +O(ε2)

or

(120) Γσλ1Γ
λ
σ2 = i ε

[
L(β)− L(β)

]
+ 2 ε α +O(ε2).

Next [by (109) and (118)]

(121) Xλ

(
Γλ12
)

=
ε

2

[
ξL(v) + ξL(v) + L2(ω) + L

2
(ω)
]

+

+i ε
[
L(β)− L(β)

]
,

(122) X1

(
Γλλ2
)

= ε LL(u+ b).

Finally, substitution from (119)-(122) into

R21 = Xλ

(
Γλ12
)
−X1

(
Γλλ2
)

+ Γσ12Γ
λ
λσ − Γσλ1Γ

λ
σ2

leads to

R21 =
ε

2

[
−2LL (u+ b) + ξL(v) + ξL(v) + L2(ω) + L

2
(ω)
]

+
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+2 i ε
[
L(β)− L(β)

]
− i ε ξ(u+ b)− 2 ε α

which is (61) in Lemma 1. Similar calculations

R12 = Xλ

(
Γλ21
)
−X2

(
Γλλ1
)

+ Γσ21Γ
λ
λσ − Γσλ2Γ

λ
σ1 ,

Xλ

(
Γλ21
)

= Xλ

(
Γλ12
)
, X2

(
Γλλ1
)

= ε LL(u+ b),

Γσ21Γ
λ
λσ = iΓλλ3 = i ε ξ(u+ b) +O(ε2),

Γσλ2Γ
λ
σ1 = Γλσ2Γ

σ
λ1 = i ε

[
L(β)− L(β)

]
+ 2 ε α +O(ε2),

R31 = Xλ

(
Γλ13
)
−X1

(
Γλλ3
)

+ Γσ13Γ
λ
λσ − Γσλ1Γ

λ
σ3 ,

Xλ

(
Γλ13
)

=
ε

2

[
Lξ(u+ b) + ξ2(v) + L2(β)− LL(β) + Lξ(ω)

]
+ i ε L(α),

X1

(
Γλλ3
)

= ε Lξ(u+ b),

Γσ13Γ
λ
λσ = O(ε2), Γσλ1Γ

λ
σ3 = i ε ξ(β) +O(ε2),

lead to (62)-(63). Indeed

Γλ31 = Γλ13 , X3

(
Γλλ1
)

= ε ξL(u+ b),

hence R13 = R31. Finally

R22 = Xλ

(
Γλ22
)
−X2

(
Γλλ2
)

+ Γσ22Γ
λ
λσ − Γσλ2Γ

λ
σ2 ,

Xλ

(
Γλ22
)

= ε
[
L
2
(b) + ξL(v)

]
− i ε

[
2 β + ξ(ω)

]
,

X2

(
Γλλ2
)

= ε L
2

(u+ b) ,

Γσ22Γ
λ
λσ = O(ε2), Γσλ2Γ

λ
σ2 = −2 i ε L(β) +O(ε2),

R32 = Xλ

(
Γλ23
)
−X2

(
Γλλ3
)

+ Γσ23Γ
λ
λσ − Γσλ2Γ

λ
σ3 ,

Xλ

(
Γλ23
)

=
ε

2

[
Lξ (u+ b) + ξ2(v) +

+ L
2
(β)− LL(β) + ξL(ω)

]
− i ε L(α),

X2

(
Γλλ3
)

= ε Lξ(u+ b),

Γσ23Γ
λ
λσ = O(ε2), Γσλ2Γ

λ
σ3 = −i ε ξ(β) +O(ε2),

R33 = Xλ

(
Γλ33
)
−X3

(
Γλλ3
)

+ Γσ33Γ
λ
λσ − Γσλ3Γ

λ
σ3 ,

Xλ

(
Γλ33
)

=
ε

2
∆bα + ε

[
ξ2(u) + Lξ(β) + Lξ(β)

]
,

X3

(
Γλλ3
)

= ε ξ2(u+ b),

Γσ33Γ
λ
λσ = Γσλ3Γ

λ
σ3 = O(ε2),

lead to (59)-(60) and (64) in Lemma 1. Q.e.d.
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