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ABSTRACT. The total space M ~ H; x S' of the canonical circle
bundle over the 3-dimensional Heisenberg group H; is a space-
time with the Lorentzian metric Fy, (Fefferman’s metric) associ-
ated to the canonical Tanaka-Webster flat contact form 6y on Hj.
The matter and energy content of 91 is described by the energy-
momentum tensor Tuu (the trace-less Ricci tensor of Fp,) as an
effect of the non flat nature of Feferman’s metric Fy,. We study
the gravitational field equations Ry, — (1/2) Rg,, = IG’W on 9.
We consider the first order perturbation g = Fp, +€h, e << 1, and
linearize the field equations about Fy,. We determine a Lorentzian
metric g on 9 which solves the linearized field equations corre-
sponding to a diagonal perturbation h.

1. INTRODUCTION

The Fefferman metric (cf. [14]) Fy is a Lorentzian metric on the

total space C'(M) of the canonical circle bundle S* — C(M) —» M
over a strictly pseudoconvex CR manifold M endowed with a posi-
tively oriented contact form 6. It has been discovered by C. Fefferman
(cf. [19]) in relation to the study of the boundary behavior of the
Bergman kernel (cf. [18]) of a strictly pseudoconvex domain Q2 C C*
(n > 2), to start with as a Lorentzian metric on the product man-
ifold 9 x S'. Complex analysis in several complex variables thus
exhibits a nowadays largely exploited (cf. [5], [14]) yet not fully un-
derstood relationship between Lorentzian geometry on one hand, and
CR geometry and subelliptic theory (cf. [4], [22]) on the other. The
principal bundle S — C(M) — M carries Graham’s connection i.e.
the natural connection 1-form o € C°°(T*(C(M))) discovered in [21].
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Let XT € C®(T(C(M))) denote the horizontal lift of the tangent vec-
tor field X € C°(T(M)) with respect to Graham’s connection o. If
S e C®(T(C(M)))and £ € C*(T(M)) are respectively the tangent to
the S'-action and the Reeb vector field associated to the contact form
6 then £ — S is a globally defined time-like vector field on C(M), thus
giving a time orientation of the Lorentzian manifold (C(M), Fy). The
synthetic object (C(M), Fy, &' — S) is then a space-time (cf. [11]).
Our purpose through the present paper is to continue the investigation
(cf. [2], [6], [10], [15]) of the relationship between CR and pseudoher-
mitian geometry (and the underlying subelliptic theory, cf. [3]) and
space-time physics, as prompted by the occurrence of Fefferman’s met-
ric associated to a pseudohermitian manifold (M, @) and, viceversa, by
the occurrence of strictly pseudoconvex CR structures associated to
shear free null geodesic congruences on a Lorentzian manifold (cf. [24],
27], [30], [32]). By a result of J.M. Lee (cf. [28]) F}p is never an Ein-
stein metric i.e. there is no A € R such that R,, = Ag,, where R,
is the Ricci tensor field of the Lorentzian manifold (C(M), Fy). In the
spirit of space-time physics, to produce a gravitation theory on C'(M)
one should look for solutions to Einstein field equations. In the present
paper we formulate a number of fundamental questions, the first of
which is I) what is the convenient form of Einstein’s equations,
to be considered on C(M)? A moment’s thought shows that

(1) Ric(g) =0

[Einstein’s equations for empty space, where Ric(g) is the Ricci tensor
of g € Lor(C(M)), the dependent variable in equations (1)] is not an
appropriate choice [e.g. by the aforementioned result in [28], Feffer-
man’s metric Fjy is never a solution to (1)]. It is one of our purposes to
answer the question posed above, although confined to the case where
M =H; = C x R is the 3-dimensional Heisenberg group. This may be
organized as a strictly pseudoconvex CR manifold CR isomorphic to
the boundary of the Siegel domain Q = {(z,w) € C*: Im(w) > 2z} (cf.
e.g. [14], p. 14). Let 9 = C(H,) be the total space of the canonical
circle bundle over H (cf. [14], p. 119). Let

Oy = dt +i (zdz — Zdz)

be the canonical contact form on H;. Then 6, is positively oriented
and Tanaka-Webster flat. Let Fp, € Lor(91) be the Fefferman metric
of the pseudohermitian manifold (Hj, 6y) (cf. [14], p. 128). The metric
Fy, is not flat and its curvature may be thought of as the effect of a
matter distribution on 9. The matter, or energy, content of 91 is then
described by the energy-momentum tensor 70"“1, which is the traceless
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Ricci tensor of Fy,. T w 1s further discussed in § 5, showing that T w
describes an incoherent matter distribution (incoherent dust) on 9. M
is a 4-dimensional manifold diffeomorphic to H; x S* so that it may
not be covered by a globally defined coordinate system. However one
may adopt the globally defined nonholonomic frame

2) Xo=28 X,=L', X,=1', X5=¢,

where S € X(9M) is the tangent to the S action on M, & € X(M) is
the Reeb vector field of (H; , 6), and L = 0/0% — i 20/0t is the Lewy
operator (cf. [14], p. 12). Components of tensor fields on 9t are then
intended with respect to {X, : 0 < pu < 3} and are globally defined
smooth functions on 91, perhaps complex valued. Through the present
paper we shall study Einstein’s gravitational field equations

1 o
(3) R,u,l/ - 5 RQW = T;w

on 91 in the presence of the matter distribution described by 701“,. Here
R, = Ric(g),,, and R are respectively the Ricci and scalar curvature
of the Lorentzian metric g € Lor(9) [whose components g,, are the
unknown functions in the PDEs system (3)]. Any physics discussion
of gravity on 90 requires a solution to (3). While the search for exact
solutions to (3) is deferred to further work, we wish (in the spirit of
the classical approach by A. Einstein, [17]) to linearize the field equa-
tions (3) with the manifest purpose of producing at least a solution
to the linearized equations. Another fundamental question posed in
the present paper is then IT) what is a convenient base point
go € Lor(9) [about which one ought to linearize (3)] and what is an
appropriate choice of perturbation matrix h? We consider first
order perturbations

(4) g=Fy +eh, e<<]1,

and linearize equations (3) about gy = Fy,. Our computational ap-
proach, and in particular the choice of frame (2), draws inspiration
from the recent work [24] (relating solutions g of Einstein equations
R, = Agu, on M x R to the local embeddability of the CR struc-
ture on M associated to ¢). In a previous paper (cf. [7]) we exploited
the formal similarity between R* with the (flat) Minkowski metric and
H; with the canonical (Tanaka-Webster flat) contact form 6, in order
to produce pseudohermitian analogs of classical results in [17]. The
postulated field equation (for empty space) in [7] was

(5) R =0
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[where R;7 is the pseudohermitian Ricci tensor associated to an ar-
bitrary contact form on Hjy, cf. [14] and §2 of this paper] and one
linearized (5) by considering perturbations of the form 6, + €6 (e <<
1). Any positively oriented contact form 6 on Hj is related to 6y by
0 = €26, for some v € C°°(H;, R). By a result of J.M. Lee (cf. [28])
this yields the relationship

Fg — €2u07r FHO

between the corresponding Fefferman metrics and then the perturba-
tion 0y + €6 induces a perturbation of the form (4) with

(6) h = e*"" [y, .

However, as shown by our discussion in §2, (6) is not an appropriate
choice of perturbation matrix, for (6) exhibits hoy = 0, and the hqg
component of the perturbation matrix is classically responsible for the
potential ¢ (in whose central force field —V¢ the geodesic motion of
a particle should occur, in the classical limit of weak fields and low
velocities). One then answers question (II) by choosing the perturba-
tion (4) where h is a (0,2)-tensor field on M with hgy # 0, allowing
one to mimic the classical limit of the gravitational field equations in
nonempty space (cf. e.g. [1], p. 277-280). The resulting linearized field
equations (66)-(72) have a formidable aspect leaving little hope in the
search for an explicit solution. We therefore confine ourselves to the
case of a diagonal perturbation matrix A for which the linearized field
equations are found to be

(7) Aphoo =0, &(Lhg) =0,
(8) L?(hgs) + ZQ(hll) —2h33 =0, &o(he2) =0,

(9) 53(!100) + 2h33 - 0, L&)(hgg) - 2Z z(hgg) - 0, Ab h33 - 0,

where A, is the sublaplacian of (H; , 6), cf. [14], p. 111 [the Hormander
operator associated to the Hérmander system of vector fields {X,Y'}
on Hy , where L = (X — 1Y), cf. [26]]. A, is a subelliptic operator
of order 1/2 (in the sense of [20]) thus bringing subelliptic theory (cf.
e.g. [16]) into the picture. It is one of our main points (here and in [7])
that the appropriate mathematical analysis entering gravity theory on
I should rely on the relationship between hyperbolic and subelliptic
theory (as following from w0 = A, according to a result in [28]).
A finding in the present paper is an explicit nontrivial solution h to
(7)-(9). The solution is discussed in section §5.
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2. FEFFERMAN SPACE-TIMES

Notations, conventions and fundamental results (in CR and pseu-
dohermitian geometry) adopted through this paper are those in [14].
Some of the basic material is recalled in this section, for the needs of the
more physics oriented reader. Let H; be the 3-dimensional Heisenberg
group i.e. the Lie group C x R with the product

(10) (z,t) - (w,s) = (z+w, t+ s+ 2Im (zW)) .

H; is a strictly pseudoconvex CR manifold, of CR dimension 1, with
the CR structure Tp 1 (H;) spanned by the Lewy operator

L =0/0z —iz0/ot.

One sets as customary T o(H;) = Tp1(H;) (overbars denote complex
conjugates). A relevant second order differential operator (occurring
in the linearized field equations (7)-(9)) is the sublaplacian (cf. [14])

Ay = — (qu —|—ZLU) , u€ 02(H1)7

coinciding with the Hormander operator —3 (X? +Y?2) (cf. [26]) asso-
ciated to the Hormander system of vector fields {X,Y} on H;, where
L= %(X —iY"). The sublaplacian A, is formally similar to the Laplace-
Beltrami operator of a Riemannian manifold, yet it isn’t elliptic. Nev-
ertheless A, is a positive, formally self-adjoint, degenerate elliptic (in
the sense of [13]) operator which is subelliptic of order 1/2 (cf. [20])
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and hence hypoelliptic (cf. [25], a feature that A, shares with elliptic
operators). Also for every u € C*(H])

1 d [ Ou du 0*u
(11) AbU:§A0U+QZE<Z&—§£> —2’2‘2w
where Ag is the ordinary Laplacian —(9%/0x + 8?/0y?) on R? (with
z =z +1y).

A complex p-form w is a (p, 0)-form if Ty 1 (H;) | w = 0. A top degree
(p,0)-form is a (2,0)-form. The canonical bundle C — K(H;) — H,
is the bundle of all (2,0)-forms (a complex line bundle). There is a
natural action of R (the multiplicative positive reals) on K°(H;) =
K (H,) \ {zero section} and the quotient space 9 = K°(H,;)/R" is the
total space of a principal S'-bundle (the canonical circle bundle over
Hy). Let 7 : 9t — H;y be the projection. Let 6 be a positively oriented
contact form on H; i.e. a real 1-form such that

Ker(f) = H(H,) = Re {T},o(H,) & To1 (Hy)}

(the Levi, or maximally complex, distribution on H; ), Ad6 is a volume
form on Hy, and the Levi form associated to 6

GQ(Za 7) = —Z(d@)(Z,?), Z € Tl,O(Hl)a

(i = /—1) is positive definite. If ' = dz then each class [w] mod RT
of w € K°(H,), may be represented as

W =1[X(@A0") ]eM,, AeC", zeH,.

In particular the canonical circle bundle is trivial i.e.
A
(12) m%SIXHl, @2[W]l—>(m,x),

is a C* diffeomorphism. The Heisenberg group H; also carries a Rie-
mannian metric gy [the Webster metric of (H, , 6)] given by

g(V,W) =Go(V,W), go(V,€) =0, go(&,6) =1,

for any VW € H(H,). The pair (H(H,), Gp) is a sub-Riemannian
structure on Hj (cf. [9]) and the Webster metric gy is a contraction
of Gy (cf. [31]). For each u € C'(H;) the gradient of u is given by
go(Vu, V) =V (u) for any V € X(H;). The horizontal gradient of u is

Viy=TyVu

where Iy : T(H;) — H(H,) is the projection associated to the decom-
position T'(H;) = H(H;) & RE.
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Given a smoothly bounded strictly pseudoconvex domain 2 C C”
(n > 2) a Lorentzian metric F' on 9 x S, known nowadays as Fef-
ferman’s metric (cf. [14]), was built by C. Fefferman (cf. [19]). A key
feature of I’ was that its restricted conformal class

{e"“"F :ue C™(0Q,R)}

is a biholomorphic invariant of €. Here 7 : 9 x S1 — 9Q is the pro-
jection. This prompted the question (also due to C. Fefferman, [19])
whether F' admits an intrinsic construction for each strictly pseudocon-
vex real hypersurface M C C"*!, such that the restricted conformal
class is a CR invariant of M. The question was settled by J.M. Lee
(cf. [28]) who built a Lorentzian metric Fy on the total space C'(M) of
the canonical circle bundle over a strictly pseudoconvex CR manifold
M, not necessarily embedded, in correspondence to any fixed positively
oriented contact form 6 on M. The metric Fy is computed in terms of
pseudohermitian invariants [of the pseudohermitian manifold (M, 6)]
and the construction of Fy is such that, whenever M is the boundary
of a strictly pseudoconvex domain €2 C C", the Lorentzian manifold
(C(09), Fy) is conformally diffeomorphic to (99 x S*, F). Through
the present paper we only need J.M. Lee’s result for M = H i.e.

FQZW*GQ+2(W*9)®U, 69:291191®9T7

1 e - p
O’Zg{d’}/-f-ﬂ' (@wll—ggndgn—ge)},

where 7 is a local fibre coordinate on 91 and w;! is the connection 1-

form of the Tanaka-Webster connection V of (Hj , ) i.e. VL = w;'® L.
Let &€ = & € X(H;) be the Reeb vector field of (Hjy, 6) i.e. the unique
nowhere zero, globally defined tangent vector field on Hy, transverse to
the Levi distribution H (Hy), determined by

0(¢) =1, €]do=o.

For simplicity we set §o = g,. Also if RY is the curvature tensor field
of V then weset Ty = L, Ty = L, Ty = £ and

RADBC’TD = RV<TBv TC)TA7 A7B7 C? RS {17 T7 0}7

g =Ge(L, L), ¢""=1/g;7, Ri=Ri';7, p=9g"Ry.

Here ¢,7, R,7 and p are respectively the Levi invariant, the pseudo-
hermitian Ricci tensor, and the pseudohermitian scalar curvature of
(H; , ). Let us set M = C(H;) for simplicity. By a result of R.C.
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Graham (cf. [21]) o is a connection 1-form on the principal bundle
St — 9 — H,. In particular for 8 = 6,

. . 1
G, =20 © 0", U:§d7,

so that o is flat. Let S € X(91) be the tangent to the S! action
and choose the local fibre coordinate v such that S = (3/2)9/0y on
U(pg) = D [w(po) x Hy], where w(po) = {€ : |p — po| < 7} with
0o € R. If V € X(H,) then let VT € X(9M) be the horizontal lift of V'
with respect to o i.e.

VIeKer(o),, (dm)V]=V,, peM, z=n(p)cH.

Then Xy = £' — S is a globally defined time-like vector field on the
Lorentzian manifold (9, Fy) i.e. X, is a time orientation, so that
(O, Fyp, Xy) is a space-time. If z = z + iy and ¢ are canonical coordi-
nates on Hy, we endow 9t with the local coordinates

where 0 < o < 3, 1 < j < 3. With respect to (z®) the Fefferman
metric Fy, reads

Fp, =2 [(dml)z + (dx2)2] + ; [dx3 +2 (xl dz® — 2* dxl)] © da".

We shall write the geodesics equations for the Lorentzian manifold
(9, Fy,) as the Euler-Lagrange equations of the variational principle

(13) 4] /F#,,(x)i:":i:” ds =0
le.
d (0L oL
J— [ —_ r) — . g
P ((%M> = S’ L(z, &) = F,,(x)&" 1"
Since
0 2 2 1
[ _x —
3V 37 3
2 2 0 0
3 Y
[Fuv]
2 0 2 0
3¢
1
= 0 0 0
3
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the Euler-Lagrange equations of (13) are

d? a0

14 =0
( ) ds? )
Pzt 2d20 da?
1 Sl e e
(15) ds? 3 ds ds 0,
Pr?  2dz0 dz!
16 sl ar g
(16) ds? + 3 ds ds ’

d?z3 4 [ dx®dxt 4, da¥ da?
ds> 3" ds ds 3" ds ds
Straightforward integration of the ODE system (14)-(17) leads to the
two families of geodesics of (9, Fy,)

(18)  ~(s) =By, z(s)=ux(s)+iy(s)=as+p5, t(s)=as+Db,
a, 3e€C, a,b, By €R,

(17)

and
(19) ")/(S>:A(]S—|—Bo, Ao, BQER, Ao#o,

1 , 1
20) (o) t9) = (—g e k) (e (Flal+alsp) s)),
2
a, BeC, keR, )\:§A0.
The dot product in (20) is given by (10). A parallel of (14)-(17) to

al3+{06ﬁ}3v$_7 TS s

furnishes the list of all nonzero Christoffel symbols of Fy, i.e.

o (8)-(3)-4 {3} (3)2
o {3){b) e (3] (h)-

Consequently if G = det [F),,] the Ricci curvature

(), w0,

B8lv

A ) {0 )
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of (m, Fgo) is
2

(23) 7“0025, rio=20, r;=0, 1<14,75<3.

Indeed G = —4/9 hence

w={ ], A e )

Next [by (21)-(22)] { 6)6 } = 0 and for instance

L))

The remaining components of 7, may be computed in a similar man-
ner. The Lorentzian manifold (91, Fy,) has nonzero curvature, which
may be thought of as the result of a distribution of matter on 9.
Therefore the matter, or energy, content of 9 is described by the
energy-momentum tensor

1
T’“’:r‘“’—ﬁrF‘“’, r"”:F“O‘F”Brw, r=F"r,.

Yet [by (23)] r = F%ry = 0 hence

(24) (] =

o O OO
o O OO
o O OO
N O OO

It is our purpose, as explained in § 1, to consider first order perturba-
tions g = Fy, + e¢h (with € << 1) and i) look at geodesic motion in
the field g, at the Newtonian limit of velocities, and ii) linearize Fin-
stein field equations on 2 in the presence of the matter distribution
described by T above. In a previous paper (cf. [7]) we started with
first order perturbations 6, = 0y + €6 of the canonical contact form 6.
The space of all positively oriented contact forms on Hj is parametrized
by C*°(H,,R) hence 6 = €?“f, for some smooth function u : H; — R.
Therefore

(25) 0. = e 0y, u.=logV1+ee2.
By a result of J.M. Lee (25) yields (cf. [28])
Fy. = (1 + 662”0“) Fy

ie. Fy, = Fy, + e¢h where h = Fy. It is then tempting to use
Py = (Fp),, as a perturbation matrix, a case in which the linearized
field equations will have 0, and then the scalar field u, as the unknown

0
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function. Yet for this choice of h one has hog = Fp(9/d7y, 9/dy) = 0.
Consequently, should one set 2° = v = ¢ 7 and interpret 7 as a ”time”
coordinate, the geodesic motion equations on (9, Fy, ) will not reduce
(for e << 1 and ||v]|/c << 1) to any reasonable pseudohermitian ana-
log to Newton’s law of motion in classical mechanics (as we shall show
in §3). This is intuitively clear from the classical argument (cf. e.g.
[1], p. 124) that geodesic motion in a weak gravitational field mod-
eled by go + eh where gy = —c?dr? + da? + dy? + dt? is the ordinary
Minkowski metric on R* leads, for ||v||/c << 1, to Newton’s law of
motion d*r/dr* = —V¢ in a central force field whose potential ¢ is es-
sentially the hg entry of the perturbation matrix [i.e. ¢ = (c?¢/2) hgo)-

The next section is then devoted to the study of geodesic motion on
M, at the Newtonian limit of velocities, in the presence of a pertur-
bation Fy, + €h of the Fefferman metric Fj,, where the perturbation
matrix h is allowed to have a nontrivial component hgg corresponding
to our choice of a "time” coordinate 7y, though independent of v (so
that h is a stationary perturbation).

3. GEODESIC MOTION IN THE CLASSICAL LIMIT

To build a gravity theory on 91 starting from small perturbations of
(9N, Fy,) one is led to a third fundamental question as to III) what
is an appropriate choice of time coordinate on 97 There is
no moral distinction between the Cartesian coordinates (2%, x, y, 2)
on R* and one may rather arbitrarily fix a coordinate, say z°, and set
¥ = ct. This symmetry is lost when looking at the local coordinate
system (v, zom, yom, torw) induced on 9 by the Cartesian coordinates
(z,y,t) on Hy ~ R3 Tt is natural to regard H; as ordinary space
hence our choice is to think of (the vertical lift of) (z, y, ) as space
coordinates and of the additional local fibre coordinate 2° = v as the
time coordinate: this is however intimately tied to (x, y, z) through the
manifold structure of 9 (in the spirit of general - as opposed to special -
relativity theory, formulated on an arbitrary 4-dimensional manifold of
vanishing Euler-Poincaré characteristic). Let h be a symmetric (0, 2)-
tensor field on 9T and let us set

(26) g=Fp, +eh, e<<l1.
Let C': (=6,0) — 9 be a time-like curve in (91, ¢) locally given by
(27) C(r) = (e, CY (1), C*(7), C°(7)), 7| <4,

where c¢ is the velocity of light in vacuum. By the implicit function
theorem any smooth curve C' in 91 may be locally represented as in
(27) i.e. such that time in 97 is a parameter along C. However 7 is
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not the proper time i.e. time as perceived by an observer attached

to C [and a change of parameter as given by (28) is needed]. Let

v/ =dC7/dr, 1 < j <3, and B = ||v||/c where v = (v!,0% v?) and
1/2

vl = (S w?) "
(28) s=o(t) = /OT [—gc(u) <C’(u), C(u))]% du

and z#(s) = C*(¢~1(s)) then the geodesic equations are
d*z* e dat dz”
ds? ny ) o ds ds

(29)
Here

a oo 1
{ n } = 9" {m,o}, Ao} =5 (Guolv + Guolu = o) -

fiw=0f/0x" . feCH(M).
We wish to derive the geodesic equations of motion (29) in the gravi-
tational field g, in the weak field (e << 1) and low velocity (8 << 1)
limit. In the subsequent elementary asymptotic analysis we drop terms
of order O(€?), O(B3?), O(e 8) and higher. Throughout we assume that

the perturbation matrix [h,,] in (26) doesn’t depend on the fibre coor-
dinate v i.e.

(30) hywjo = 0.

As 2% = ~ is thought of as a time coordinate the assumption (30)
corresponds to a static (i.e. time independent) perturbation matrix.
Let us set r = w o C. The tangent vector along C' is

hence

so that
(31) gC(T)<C(T)7 C(T)) = _62 H(T> +2 |:(Ul)2 + (U2)2:| +

dcH dc”

+e hu,,(C(T))W I
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where
2 o, U N A
On the other hand JO O
h/“/(C(T)) dT dT =

= () + 20y (Cr) &+ p(Clr)
(by dropping O(5?))
~ ¢ [hOO(C(T)) + 2oy (C(7)) ”—J]
and (31) becomes
5 gee (O0).00) = @ [-H() + chafC(r)].
As a consequence of (32)

¢'(7) ~ c[H(r) = € hoo(C(7))]

D=

so that

B3) e = 2 1)~ eho(Cl] S

Cc

NI

Differentiation with respect to 7 in (33) together with
1 €

h
A HEE

[H(7) = ehoo(C (7)) = C(r)) + O(¢?)

yields
Pz BPCH
(34) EH(r) — hoo(C)] o = 5
1 2 dCi dc*
—5 H(7) = €hoo(C(7))] ' 30 G (1) = €hoo; (C(7) = |
where 2,1 212 2,73
d-C d<C d<C
o 2 _ 1 _
G(r) =2C*(1) 72 207 (1) 72 pa
Yet

€ hoo (C(r)) = = O(eB)
and (34) reads

2
H— e ==
(35) C ( € hoo) d82 de 3¢ 7l + H2 hOO

2z 2 1 /1 € dc?
dr

G(1)—.

13
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Next (by (33))

dz? dz®

{1 e o em S e -

B 1 i dC* dCe
" 2 (H — chy) { Ao }(C(T»F dr

or (by dropping O(5?))

da? dz” 1
(36) polor ot pot
Ao ds ds H — e hy 00

Moreover

1
{ (’;6 } = ¢ {00,v} = 5 " goow

so that
€
Next one may observe that
(38) g = F" — e ™ + O(e?)
where (cf. e.g. [4])
0 0 0 3
1
(39) (] =
1

3y —x 2z

[the inverse of F),, = Fy,(0/0x*, 0/0z")] and h* = F**F°"h,,. One
may conclude (by (37)-(38))

€
(40) {O/t)}:—ﬁFm/homy.

Equations (35)-(36) and (40) imply geodesic motion (29) is governed
by

d>cr 1 € G dC* e
——(1+—=h ) ——— = Frkp
dr? 3c ( + H ") H dr 2 00lk
i.e. for p = j (respectively for u = 0)

?C7 1 G e

dr?> 3¢ H 2

(41)

(42)
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1 € G ke

By (39) and [1 + (¢/H)hoo)™* &~ 1 — (¢/H) hoy equation (43) simplifies
to
1G - 3626 8h00

44 ST _2ec g
(44) 3H 2 Ot
and substitution from (44) into (42) leads to
d?C7 e
(45) 2 TFJ hooj -
Next (by taking into account (39))
1 1
F' hooy = 5 X (hoo),  F** hoo, = B Y (hoo), F** hoojw =V (hao),
where 5 3 3 3
Xx=Lqou2 y=2 9
oz Y or oy ot
0 0 0
—y——ao—+22==yX -2V,
(so that L = (X —iY")). Summing up, equations (44)-(45) are
9¢? oh
(46) G(r) = ——~ H(r) S (C().
2 ot
d*Ct e d’C? %
(47) i X (hoo)o(r) » p e Y (hoo)c(r) s
d*C? ke
(48) dT2 - 7 V(h00>0(7—) .

An inspection reveals (46) as a linear combination of (47)-(48). Finally
if

e _dC (o

dr?2  dr?2 \9xJ r(r)

then (47)-(48) become
(49) T = T AX (ho)X +Y (hoo)Y )

d’r
dr?
For each v € C'(H,) let V#u be the horizontal gradient of u with
respect to the canonical contact form 6. If By = (1/v/2)X and E, =
(1/v/2)Y then V7u = 32_ E,(u) E, and (49) becomes
d’r

(50) a2 (VH¢)r(T)
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where
2

(51) 6=~ ho.

Viceversa, given the classical potential ¢, the motion of a particle will
follow a geodesic of (9M, g) if the gop term of the metric has the form
goo = —(2/c?)¢. The other components of g enter our asymptotic
scheme only through the assumptions that they are time independent
and nearly Feferman (i.e. close to the components of Fp,). As shown
in the successive §4 if (26) is a solution to Einstein’s field equations [in
a nonempty space, whose matter content is described by the energy-
momentum tensor (24)] to order O(e) then Ay = 0.

4. GRAVITATIONAL FIELD EQUATIONS

By recent work of C.D. Hill & J. Lewandowski & P. Nurowski (cf.
24]) local embeddability of 3-dimensional CR manifolds M is closely
tied to the existence of Lorentzian metrics on M x R satisfying Ein-
stein’s equations R, = A g,,,. The knowledge that CR structures may
be associated, in a natural manner, to certain classes of Lorentzian met-
rics is certainly older and goes back to the work by I. Robinson & A.
Trautman (cf. [30]) and A. Trautman (cf. [32]). Cf. also [27] and [10].
Fefferman metrics belong to this class, and they may actually be char-
acterized (cf. [21]) as the Lorentzian metrics g on the 4-dimensional
manifold 9 admitting a null Killing vector field K € X(9) such that
K|W = K |C =0 and Ric(K, K) > 0, where W, C' and Ric are the
Weyl, Cotton and Ricci tensors of g. Given such a Lorentzian metric
g, the leaf space 91/K may be organized, at least locally, as a C'*
manifold M carrying a strictly pseudoconvex CR structure and a pos-
itively oriented contact form 6 such that (91, g) be locally isometric to
(C(M), Fp). To (locally) embed a 3-dimensional CR manifold M one
needs (cf. e.g. [12]) to determine two functionally independent (local)
CR functions f,, a € {1,2}, on M, so that (f1, f2) : M — C? is (lo-
cally) a CR immersion. The subtle approach to the problem by C.D.
Hill et al. (cf. op. cit.) is to write the Cartan structure equations (for
the Einstein metric ¢ at hand)

1
dL*, + TF AT®, = 5 R,s €% A O

with respect to a special (local) frame {©* : 0 < p < 3} [with ©%, a €
{1,2}, complex 1-forms and ©°%, b € {3, 4} real forms such that g admits
a particularly simple local representation i.e. gi2 = go1 = 1, go3 = 930 =
1, and g, = 0 otherwise| and find indices (0, vo) such that I';,,, =
0 is (as a consequence of Einstein’s equations) an involutive complex
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Pfaffian system on (an open subset of) 9. Then, by a combination of
the classical Frobenius theorem (for real Pfaffian systems) and existence
of isothermal coordinates (on a Riemann surface) one may represent
Thovo @8 Tyouy = hd(C for some complex function ¢ with d¢ A d¢ # 0,
whose projection on M gives the desired (local) CR function. The
existence of a solution g, to the field equations (3) [rather than R, =
Ag,,] written on an open set of M x R is expected [in view of Hill-
Lewandowski-Nurowski’s scheme, producing CR functions] to require
peculiar properties of the base CR structure. These properties are so far
unknown and will be addressed in further work. It should be mentioned
that we neither continue nor explain the results in [24] but merely
conduct our calculations with respect to a special (globally defined)
coframe chosen as in [24] i.e.

Ol =710', 2 =70", ©=2F,(S,-), 6°=o,

so that ©3 = 7*0y. Then the Fefferman metric Fy, admits the simple
representation

Fp=2{6'00°+0°00"}.
Let {X, : 0 < p <3} be the dual frame i.e. ©#(X,) = d%. Then
(52) X,=L", Xo=L', Xs=¢, Xo=25,
where horizontal lifting is meant with respect to Graham’s connection
1-form o = (1/3)dy. If F,, = Fp,(X,, X,) and [F*] = [F,,|"* then
Fio=Fn =1, Fop3=1F3=1,
F12:F21:1 F03:F30:1

(nr) € {(12), (21), (03), (30)} == Fly =0, F* =0.

Let D be the Levi-Civita connection of (90, g) and RP its curvature
tensor field. We adopt the conventions

DX XI/ = Fzy‘XCYJ

o

R®5, X0 = RP (X5, X)X\, Ry = R%pan -
As D is torsion-free [X,, X,] = (I'%, — I's,) X,. Hence

R 50 = X3 (Ffju) - Xy (Fgu) + Fgurgff — 15,10, — Fg'/rgﬂ + Faﬁrgﬂ

Bu— vo v

and the Ricci curvature is

(53) R, =X, (Tg,) — X, (Te,) + Ty, -7,

Vit oo av: op *
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From now on we represent the perturbation matrix as

a v v ou
T w b f

[hW]: v b w B ) huV:h<XquV)7
v B B «

with a, b, u, « € C®°(H;, R) and v, 8, w € C®(H;, C). Indeed if
b= h12 = h21 then b = h(Xl, XQ) = h(XQ, Xl) = b so b is real valued.

Lemma 1. The Ricci tensor of (M, g) is given by
(54) Ry =2+ % Apa + 4e(u — b) — 2ie [L(v) — L(D)],

€

(55) Rio = Ror = 5 [L*(v) = LL(V) + & L(a)] +
+ie [L(2u —b) — &(D)] + 263,
(56) Rao = Roz = ; {_ (v) — LL(v) + foz(a)} -
—ie [L(2u —b) — &(v)] +2€ 85,
(57) Ry = Ry = 5 {Asut Léo(v) + T&e(®) + & (@)} +
—ie [L(B) = L(B)] +2¢a,
(58) Ry = [§L(0) — L*(u)] +ie&(@),

(u)] —ie&(w),

2

(59) RQQ =€ [foz(l)) — Z
(60) Ray = 5 Mg+ € [<63(6) + Lo(8) + L& (B)]

(61) R21_2 [ 2LL (u+b)+ & ()+§of(@)+L2(w)+ZQ(5)}+
+2ie [L(B) — L(B)] —ie&(u+b) —2ea,

(62) Riz= 5 [-2TL(u~+b) +&L(v) + &L0) + L2w) + T'@)] +
+2ie [L(B) — L(B)] +ie&o(u+b) — 2ea,

(63) R = Rig=ie [L(a) = &(B)] +

+§ [—L& (u+b) + &(v) + L*(B) — LL(B) + L& (@)]

(64) Ry = Ryz = i€ [&(B) — L(a)] +
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+5 [~Teo(u+) +&(v) + I°(B) - TL(B) + &L ()] .
to order O(e). One has
Ry =Ry, Ryy=Ri, Ry =Ry, Rsy=Ra.
In particular the scalar curvature of (M, g) is given by
(65)  R=e [Ay(2u+b) + & (a)] + 2¢ [L&(v) + L& (D)] +
+e [L?(w) + ZQ(w)} +2ie [L(B) — L(B)] — 2¢a
to order O(e).

The computational details leading to Lemma 1 are relegated to Ap-
pendix A. Let

T §/0x" © /0" = 208/92° ® 9/92° =T X, © X,

be the energy-momentum tensor as considered in §2. Its components
with respect to the frame (52) are T = 26464 hence T}, = guagusT*”
is given by

2(1+ 2eu) 2B 2¢B 2ea

. °2B 0 0 0 )
7] = 28 0 o0 o |TO€)
2eq 0 0 0

Also the trace-less Ricci tensor of (90, g) is

1
|:Rw/ - 5 Rg;w‘| =

Roo Ry, 3021 Roys — % R
Rio Ri  Ru-iR Ry ,
= @)
Ry  Rm—1R Ry Ry | 7O
RSO - % R R31 R32 R33

hence (by Lemma 1 and [L,f} = —2i&) Einstein’s equations R,, —
TRg = ﬁw are [to order O(¢)]

(66) Apa —4{2b+i [L(v) — L(v)] } =0,
(67) ¢o(La) + 2i L(2u — b) + L*(v) — LL() = 0,
(68) Ay (u+b) + L& (v) + L& (D) + LA(w) + L' (@) +

+4i [L(B) — L(B)] —2a=0
(69) L (u) = &L(0) —i&(@) =0
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(70)  Ap(2u+b) + &3 (a) + 2 LL(u +b) + L& (v) + L (T)—

—2i [L(B) — L(B)] + 2i &(u+b) +2a =0

(71) —L& (u+b) + &(0) + L*(B) — LL(B) + L& (w)+
+2i [L(er) — &(B)] =0,
(72) Apa — 265 (b) + 2 [L&o(B) + L& (B)] =0,

(merely conjugate equations were omitted). Equations (66)-(72) are
Einstein’s equations on N linearized about Fy,. To provide a peudoher-
mitian analog to Einstein’s results (producing a spherically symmetric
solution to the gravitational field equations, cf. [17]) one should look for
solutions with Heisenberg spherical symmetry i.e. hy, () = f..(r) with
r = |z| for some functions f,, to be determined from (66)-(72). Here
lz| = (]z|* —1—t2)1/4 is the Heisenberg norm of z = (z,t) € H;. While
this is left as an open problem, a nontrivial solution to (66)-(72) fur-
nishing a diagonal perturbation matrix [h,,| = diag(a, ¥, w, a) may
be determined as follows. If b = u = 0 and 8 = v = 0 then the system
(66)-(72) becomes

(73 Aba = 0,

)

(74) §o(La) =0,
(75) L*(w) + L (@) — 2a = 0,
(76) Eo(w) =0,

(77) & (a) +2a =0,
(78) L&(w) — 2i L(a) = 0,
(79)

79
We need the following

AbOé =0.

Lemma 2. Any real valued CR function on H; is a constant.

Proof. Let f be a R-valued CR function ie. f is a C' solution
to the tangential Cauchy-Riemann equations Lf = 0. By complex
conjugation Lf = 0 hence

0= L, L] f=-2i&(f)
implying that f is a constant. Q.e.d.

Let (a, w, a) be a solution to (73)-(79). As [L, &] = 0 equation (74)
shows that &y(a) is a real valued CR function on H; hence (by Lemma
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2) &o(a) = C for some C' € R. Then [by (77)] @ = 0 and the system
(73)-(79) reduces to

(80) Aya =0,

(81) L*(w) + L' (@) = 0,

(82) So(w) = 0.

Equation (82) shows that w(z,t) = f(z) +ig(z) for some real valued
functions f, g of one complex variable. Then (80)-(82) reads [cf. also

(11)]
(83) gz + Qo = 0,
(84) fxx_fyy+29xy:()a

with z = x + iy. Moreover & (a) = C yields a(z,t) = Ct + F(z) with
AoF =0 [by (83)]. A solution with spherical symmetry F(z) = ¢(|z|)
is ¥(p) = 5= log p (the fundamental solution to Laplace equation in the
plane) hence

1
(85) a(z,t)=Ct+ gy log |z|.

As to equation (84) one looks for solutions of the form f(z) = A(n)
and ¢g(z) = B(n) with n = z/|y| so that

(1=n*) A"(n) =20 A'(n) = £[n B"(n) + B'(n)]
according to whether +y > 0. In particular if

(1=n°) A'(n) =k, nB'(n)=m,

for some constants k, m € R then

A(n) =k log

I—mn
— 1| +{¢, B(n)=mlo + p,
1+n’ (n) glnl+p

with &, £, m, p € R. Finally

(86) w:klogx_m +€+i[mlog E’—l—p}.

z + 1yl y
Summing up [by (85)-(86) and o = 0]

1

(87) g=-¢ {t + 7 log |z|} (@0)2+

xr— |y|‘ . I’H 1)2

+e [lo —tlog|—|| (©") +
Joe | - 1025 ] 00
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z — |yl

+ 1 log
z + |yl

e[ o[ '+

+2(0°0e’*+0e'ee?)

is a solution to Einstein’s equations (3) to order O(e).

5. CONCLUSIONS AND FINAL COMMENTS

The total space 91 of the principal circle bundle over the 3-dimen-
sional Heisenberg group H, endowed with the Fefferman metric Fy,
and the time orientation 53 — 5, is a space-time. The metric Fjp, is
not flat and one may identify, as foundational for general relativity
theory, geometry to matter content of space described by the energy-
momentum tensor TH = po utu” where pg = 2 and the four-velocity
flow is u* = ¢%.

The formal similarity between T (the trace-less Ricci tensor of Fp,)
and (9.7) in [1], p. 263, allows for the physical interpretation of TH as
a field of non-interacting incoherent matter described by a four-vector
field of flow u* and a scalar proper density field py, moving at low [by
also comparing T with (9.84) in [1], p. 277] velocity.

Linearization of Einstein’s equations R, — %R G = T, w about Fy
is expected to produce linear PDEs whose principal part is the wave op-
erator [J (the Laplace-Beltrami operator of the Lorentzian metric Fy, ).
Indeed the linearized field equations (73)-(78) involve the sublaplacian
Ay of (Hy , 6y), which is the same as O on functions not depending on
the "time” coordinate « [for, by a result of J.M. Lee, [28], 7,00 = A,].

Geodesic motion on (9, Fy, + €h) in the classical limit of veloc-
ities [|v]|/c << 1 was shown to be motion of a particle in a force
field F which is the horizontal gradient F = —V#¢ rather than the
full gradient (with respect to the Webster metric gg,) of the potential
¢ = —(c*¢/2) hoo which, as a consequence of linearized field equations,
satisfies Ay = 0. We derive a particular nontrivial solution A to (73)-
(78) given by

t+ 5= log|z| 0 0 0
0 log ;{g} —ilog |£ 0 0
0 0 log |44 | +ilog 2| 0
0 0

The problem of existence of solutions to (66)-(71) which aren’t neces-
sary diagonal is expected to depend on the further progress of linear
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subelliptic theory and its applications to CR geometry (cf. [16] for the
state-of-the-art).

APPENDIX A. LINEARIZED RICCI CURVATURE

Our purpose in Appendix A is to give a proof of Lemma 1. The
methods consist of a mix of tensor calculus (within pseudohermitian
geometry on H;) and principal bundle techniques (cf. [23]).

Let D be the Levi-Civita connection of (9, Fy,) and let us set
ZODX X, = f‘z‘VXa. Using

X, X,] = (fgu . fgﬂ> X, .
29(DxY, Z) = X(9(Y, 2)) + Y(9(X, 2)) — Z(9(X,Y))+

for any X,Y, Z € X(9), one derives

(88) s = ¢" Tagu + Bl
where .
A 29 =
Baﬁ — 5 {]‘—‘OCB - ]'—‘506+

(00 = 12,) 9059 + (07— 15,) 909"

1
Lapp = b {Xa(98u) + X5(gan) — Xiu(gas)} -
We shall use (88) to compute I')5 to order O(e). To this end we deter-
mine Fgﬂ from (cf. [2] for n =1 and 6 = 6;)

(89) Dy YT = (VxY) = (d6p)(X,Y) € + a0 ([XT, YT]) S,

(90) Dyt =0,

(91) Der X' = (VeX)'T,

(92) DS = DgX' = %(JX)T,
(93) DgsS = Dst' = DetS = Deré" = 0,

for any XY € H(H;). Here V is the Tanaka-Webster connection
of (Hy, 0y). Also ¢ is short for . Using (89)-(93) one profits from
the progress in [2], relating the Lorentzian geometry on (9, Fy,) to
pseudohermitian geometry on (Hj , 6y), and bearing a strong analogy
to the techniques of B. O’Neill, [29]. However the results in [29] are
derived for Riemannian submersions while 7 : (9, Fp,) — (H;y, gg,)
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isn’t even semi-Riemannian (the fibres of 7 are degenerate). Formula
89) is useful together with

94) (X", YT =[x, Y]

(35) in [2] for n = 1) showing that oo([XT,Y"]) = 0. Formulas

f.
9)-(93) yield
5) Fgl = FlO =0y, LG =I%=—idy, I'fy=-1% =—idg,

(
(
(c
(8
(9

and the remaining connection coefficients are zero. Similar to (38)
g = F" — e "™ + O(e?)

with the new meaning of components of tensors involved, as related to
the nonholonomic frame {X,, : 0 < p < 3} rather than {9/0z" : 0 <
< 3}. Hence

(96) guAraﬁu 5 F {X (hﬁu) + X,B(hau) Xu<hozﬁ)}

with the corresponding modification of (88). Next (95) implies

A _
(97) [Baﬂ}oga,ﬁgza -
0 7;90392/\ —1 90391)‘ 0
| igme® 2igiag™ By, i g339°
—i gozg™ B3 —2i go3g™  —ig339™
0 igs3g®  —igssg™ 0

where

By =i (=05 + g239™ — g139") . B3y =i (63 + g239™ — g139") -
Note that hA* = F“BF’”h,g7 are

a B B wu
b w b w
wy | 2
(7] B b w T
u v U a
hence Bﬁy simplifies to
0 —ieB ief 0
0 o —1€ ﬁ 0 0 0 2
(98) [BMV]OS/J,,VSZS B ief 0 0O 0 +0(€),
0 0 0 0
1 _
(99) [ MV]OS;L,I/SZS -
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0 i[l+e(u—0>)] iew 0
| i1+ e(u—b)] 2ief ief ica )
B lew 1ef3 0 0 +0(€),
0 TEQ 0 0
2 J—
(100) (B2, o =
0 —iew —i[l+e(u—0)] 0
_ —ZE@ 0 _ZEB O )
—i [1—{—€(u—b)] _Z'GB —2ief e —f-O(E ),
0 0 —jeq 0
3 p—
(101) (B ocnes =
0 —iev dev O
- —1€v 0 — 0 )
N 1€V ) 0 0 +0(€).
0 0 0 O

Then (88) yields
€
(102) TIg = _55(9)7 oo = —

€
L(a), Fgo = 5 L(a), Fgo =0,

N

(103) [y = T8 = —ie B+ 5 [L(w) - &)
Dl =Th =i [L+ew—b)] + 5 [L() - T(D)].

F%OZF&:_Z'va F?OZFglz_ZEE_FgL(a/),

. € — .
(104) [, =T =iel+ 3 [L(u) —&(v)], Ty =Tg =ieuw,

[3y = T8, = =il + e(u—b)] + 5 [L(7) - L(v),
I3 =T% —iev+ %f(a),
€ —
(105) Fgo = Pgs =0, Féo = Fcl)s =3 [f(”) - L(“)}a
€ . €

P§0 = 1%3 ~ 95 (@) = L(u)], Pgo = Fg?) = 55(“)7
and in particular
(106) Iy, =0.
Moreover

€

(107) T4 =3 [2L(8) —&@)], Th =2icB +

2L() - T@)]
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F%l = %L(w)7 Fi)l = ¢ L(v),
(108) 0% =5 [LB) +L(8) - € )],
Ly = ief + ; Lw), T3 =—ief+ §Z<w)v

T =i+ 2 [T + L),
(109) My =5 [L(B) + L(B) - £ (1)],
[l =ief+ 5 Lw), T} =—ieB+ gf(w),

3, = —i+ g [L(D) + L(v)],

(110) [y =% = 5 L(a),
[y =Tl =ica+ 3 [60) + L) — L)),
I3 =% = 56@), Th =T = 5 [6@) + L),
and in particular
(111) I, = eL(u+b).
Moreover
(112) % =5 21(8) —¢w)], Th=;T),

T2, = —2ief + % [2T(0) — L(w)], T3, =cT(v),

(113) [, =% = 5 L(a), Th =Dl = 5(w).
I3, =13 =—iea+ 5 [5(17) +L(B) — L(ﬁ)]a
ng = F23 = [5(”) + Z(u)}a
and then
(114) Yy =eL(u+b).
Similarly
(115) [y = 5 €(a),

Dy = 5 [2608) - T(@)], T3 =3 [2¢0) - L),
ng = e{(u),
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and then

(116) Iy = e&(u+b).

Next (by (53) and Xo(I'%,) = 0)

(117) Roo = Xo (') + I'golas — Fool'5o

where (by (102) and (106), (111), (114), respectively by (102)-(103))
FgOF/A\a = Féorﬁj =
= e L(u+b) Tgy + € L(u + b) Ty + e§(u +b) Iy = O(€?),
ISo00g = —2[1 + 2e(u — b)] + 2ie [L(v) — L()] + O(€?),
€
X)\ (F())\O) = 5 Aba.
Consequently (117) becomes
Roo = % Apa + 2[1 + 2¢(u — b)] — 2ie [L(v) — L(T)] + O(2)
and (54) is proved. Next (by Xo(I'%;) = 0)
Rip = Xo (T) + TG00 — T00 51
€ -
Xa (T6)) = 5 [L%(v) = LL(D) + LE(a)] +
+ie L(u — b) — ie L(w) — ie&(v),
9.3, = ei L(u+ b) + O(€?),
IS 00 = —2eB+e€i [L(b) — L(w)] + O(€*),
hence (55) is proved. Collecting the information in (106), (111), (114)
and (116) the contracted Christoffel symbols are given by

0, o =0,

eL(u+b), o=1,
(118) Mo =

eL(u+b), o=2,

(e&(u+0b), o=3,
hence
Ry = Xo (F32> + F82F30' - Fgorgz )

°(@) = LL(v) + €L(a)| + e [L(w) = L(u—b) + )]

Ig,a, = —ieL(u+b) + O(e?),
I %, =ie [L(w) — L(b)] — 268+ O(€?),

o €
Xa (F02) = 5
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and (56) is shown to hold as well. Similarly

Rsp = X5 (Tg3) + T8 — TRl os
€

X, (Th) = £ { B+ Lew) + T60) + (@)}
Fg?)rﬁa = 0(62)7
F‘/{Ofﬁg =je€ [L(ﬁ) — Z(B)} —2ea+ O(e?),

ol >
Xy (T3)) =€ [L*(b) + EL()] +ie [2L(B) + )],
X () = € L2(u-+0),
[70Y, = O(e%), T3, = 2ie L(B) + O(e?),
thus leading to (57)-(58). The calculation of Ry is a bit trickier and a
few computational details are provided below. By (109) and (118)

(119) 9,03, = —ie&(u+b) + O(2).

Moreover

Ry = X (Fi\l) - Xu (Fﬁl) + Fclrlria - Fier

F§1Fg2 = F81F22 + F(171F<172 + F51F32 + F(3711—‘32 =
[by (102)7 (107), (109) and (110)]

= {i i+ elw =)+ [L) - Z(@)] } T+

+5 [LB) + L(8) =€) Tho + {i+ 5 [L(0) + L(v)] } Tt
+{ica+5 [€0)+L(B) —I(B)] } Th + O()

(120) IS 00y =ie [L(B) — L(B)] +2ea+ O().

Next [by (109) and (118)]

(121) Xa (D) = 5 [€20) + €L(v) + L(w) + T'(@)] +
+ie [L(B) = L(B)] ,

(122) X; (T3y) = e LL(u+b).

Finally, substitution from (119)-(122) into
Ry = X, (F?Q) - X (F§2) + F{172F§a - FK1F§2

[—2 LT (u+b) + EL(v) + EL(D) + LA(w) + L (@)| +
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+2ie [L(B) — L(B)] —ie&(u+b) —2ea
which is (61) in Lemma 1. Similar calculations
Rip = X, (T31) = X2 (T3) + 513, — Tlan
X, (%) =X\ (T)y), X2 (T})) =eLL(u+b),
5,3, =il = ie&(u+b) + O(e?),
FizFil = FgQF(;l =€ E(E) - L(ﬁ)} +2ea+ 0(62)7
Rs1 = X\ (Fi\s) - Xy (Fis) + Fclr:sria - F%F?g )
Xy () = % [Lé(u+b) + €(@) + L(8) — LT(B) + LE@)] +ic L(a),
X1 (T33) = e LE(u +b),
Io,rs, = O(?), T =ie&(B) + O(e),
lead to (62)-(63). Indeed
Fgl = Pi\3a X3 (Fﬁl) =e{L(u+b),
hence Ry3 = R3;. Finally
Ry = X, (T3,) — Xo (T3y) + %1%, — TSI

o2
X, (FQ‘Q) =c [32(6) + {f(v)} —d€ [25+ §(w)} ,
X, (M) = L (ut),

5,3, = O(), TSI = —2ieL(B) + O(e?),

Rz = X (Pg\s) — Xy (Fis) + Fg?fia - FizFig )
X, () = % [T€ (u+b) + £2(v) +
+ I*() — LL(B) + €L ()] — i€ L(a),

Xs (T33) = e LE(u + b),
F;ZSFia = 0(62)7 Fi2rg3 = _265(5) + 0(62)7

Ry = Xy (T33) — X3 (T3) +T5T8, — Tsl0s,
X (D) = 5 v+ e [¢(u) + L&) + LE(B)]
X, (D) = €0 +b),
[500 = I5slss = O(€),
lead to (59)-(60) and (64) in Lemma 1. Q.e.d.



30

[1]

Gravitational field equations on Fefferman space-times

REFERENCES

R. Adler & M. Bazin & M. Schiffer, Introduction to general relativity,
McGraw-Hill Book Co., New York, 1965.

A. Aribi & S. Dragomir & A. El Soufi, A lower bound on the spectrum of
the sublaplacian, Journal of Geometric Analysis, (3)25(2015), 1492-1519.
A. Aribi & S. Dragomir, Dirichlet and Neumann eigenvalue problems on
CR manifolds, to appear in Ricerche di Matematica, 2016.

E. Barletta, Hormander systems and harmonic morphisms, Ann. Sc. Norm.
Sup. Pisa, 2(2003), 379-394.

E. Barletta & S. Dragomir & K.L. Duggal, Foliations in Cauchy-Riemann
geometry, Mathematical Surveys and Monographs, Volume 140, American
Mathematical Society, 2007; 256 pp. ISBN: 978-0-8218-4304-8

E. Barletta & S. Dragomir & H. Jacobowitz & M. Soret, b-Completion
of pseudo-Hermitian manifolds, Class. Quantum Grav., 29(2012), 095007
(27pp) doi:10.1088/0264-9381/29/9/095007

E. Barletta & S. Dragomir & H. Jacobowitz, Linearized pseudo-Finstein
equations on the Heisenberg group, submitted to Journal of Geometry and
Physics, 2016.

E. Barletta & S. Dragomir & H. Urakawa, Pseudoharmonic maps from non-
degenerate CR manifolds to Riemannian manifolds, Indiana Univ. Math.
J., 50(2001), 719-746.

E. Barletta & S. Dragomir, Jacobi fields of the Tanaka- Webster connection
on Sasakian manifolds, Kodai Math. J., 29(2006), 406-454.

E. Barletta & S. Dragomir & M. Magliaro, Wave maps from
Godel’s  wuniverse, Class. Quantum Grav., (19)31(2014), 195001
doi:10.1088/0264-9381/31/19/195001

J.K. Beem & P. Ehrlich & K. Easley, Global Lorentzian Geometry, Marcel
Dekker, Inc., New York-Basel-Hong Kong, 1996.

A. Boggess, CR manifolds and the tangential Cauchy-Riemann complex,
CRC Press, Boca Raton-Ann Arbor-Boston-London, 1991.

J.M. Bony, Principe du mazimum, inégalité de Harnack, et unicité du
probleme de Cauchy pour les opérateurs elliptiques dégénéré, Ann. Inst.
Fourier, Grenoble, (1)19(1969), 277-304.

S. Dragomir & G. Tomassini, Differential Geometry and Analysis on CR
Manifolds, Progress in Mathematics, Vo. 246, Birkhduser, Boston-Basel-
Berlin, 2006.

S. Dragomir & A. Minor, CR immersions and Lorentzian geometry. Part
I: Pseudohermitian rigidity of CR immersions, Ricerche di Matematica,
(2)62(2013), 229-263; CR immersions and Lorentzian geometry. Part II: A
Takahashi type theorem, ibidem, (1)63(2014), 15-39.

S. Dragomir, Cauchy-Riemann geometry and subelliptic theory, Lecture
Notes of Seminario Interdisciplinare di Matematica, 7(2008), 121-162.

A. Einstein, The foundation of the general theory of relativity, The collected
papers of Albert Einstein, Vol. 6, pp. 146-200, The Berlin years: writings
1914-1917, Ed. by A.J. Kox & M.J. Klein & R. Schulman, Princeton Uni-
versity Press, 1997.

C. Fefferman, The Bergman kernel and biholomorphic equivalence of pseu-
doconvexr domains, Invent. Math., 26(1974), 1-65.



[19]
[20]

[21]

E. Barletta, S. Dragomir and H. Jacobowitz 31

C. Fefferman, Monge-Ampére equations, the Bergman kernel, and geometry
of pseudoconver domains, Annals of Mathematics, (3)103(1976), 395-416.

G.B. Folland, A fundamental solution for a subelliptic operator, Bull.
AM.S., (2)79(1973), 373-376.

R.C. Graham, On Sparling’s characterization of Fefferman metrics, Amer.
J. Math., (5)109(1987), 853-874.

D. Jerison & J.M. Lee,

S. Kobayashi & K. Nomizu, Foundations of Differential Geometry, Vol. 1,
Interscience Publishers, New-York, 1963.

C.D. Hill & J. Lewandowski & P. Nurowski, FEinstein’s equations
and the embedding of 3-dimensional CR manifolds, arXiv:0709.3660v2
[math.DG] 22 May 2008

L. Hérmander, Hypoelliptic second order differential equations, Acta Math.,
119(1967), 147-171.

J. Jost & C-J. Xu, Subelliptic harmonic maps, Trans. A.M.S.,
(11)350(1998), 4633-4649.

L. Koch, Chains on CR manifolds and Lorentz geometry, Trans. Amer.
Math. Soc., 307(1988), 827-841.

J.M. Lee, The Fefferman metric and pseudohermitian invariants, Trans.
Amer. Math. Soc., (1)296(1986), 411-429.

B. O'Neill, The fundamental equations of a submersion, Michigan Math.
J., (4)3(1968), 459-469.

I. Robinson & A. Trautman, Cauchy-Riemann structures in optical geome-
try, Proc. of the Fourth Marcel Grossmann Meeting on General Relativity,
Ed. by R. Ruffini, Elsevier Science Publ., 1986, pp. 317-324.

R. S. Strichartz, Sub-Riemannian geometry, J. Differential Geometry,
24(1986), 221-263.

A. Trautman, Deformations of the Hodge map and optical geometry, Jour-
nal of Geometry and Physics, 1(1984), 85-95.



