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1 Introduction

As one of the most important geometric invariants, the measure of symmetry (or asymmetry) of convex
bodies (i.e., compact convex sets with nonempty interior in R™, the standard Euclidean space), formulated
by Griinbaum in his well-known paper [3], has regained much attention in recent years (see [1,4-6,9-11,
13,16] and the references therein). So, some new measures have been found (see [1,5,11,13,16,21]), and
more properties of the known ones, including the stability and the relations with other kinds of geometric
invariants, are revealed (see [1-3,6,14,18,19,22]), and as consequences, some new geometric inequalities
are established (see [1,2,4,5,9-11,14,22]).

In general, measures of symmetry (or asymmetry) can be used in geometry to measure how far a
convex body (as a whole) is from some particular convex bodies, e.g., centrally symmetric convex bodies,
convex cones or simplices. However, meaningfully, Toth [16] introduced a family of measures (functions) of
symmetry o, (see below for definition), m > 1, called the mean Minkowski measures of symmetry, which,
prior to most measures of symmetry (or asymmetry), measure not only convex bodies themselves but also
their lower-dimensional sections. Roughly speaking, for a convex body K, its (m-th) mean Minkowski
measure of symmetry o, is a function defined on intK, the interior of K, which, when 1 < m < n,
provides information on the shapes of m-dimensional sections of K.
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The properties and applications of the mean Minkowski measures of symmetry have been investigated
in a series of papers (see [16-22]), where, as an application of the mean Minkowski measures, readers may
find in particular a partial answer to the long-standing Griinbaum conjecture for the existence of n + 1
affine diameters meeting at one point of a convex body (see [3]).

In this paper, we introduce another family of measures (functions) of symmetry o2, m > 1, called the
dual mean Minkowski measures of symmetry, which in a sense are dual to the mean Minkowski measures.
It turns out that dual mean Minkowski measures share almost all nice properties with mean Minkowski
measures and, in sharp contrast to the mean Minkowski measures, describe the shapes of orthogonal
projections of a convex body. Furthermore, the dual mean Minkowski measures are relatively easier in
computation than the mean Minkowski measures, and can also be applied to deal with the Griinbaum
conjecture mentioned above as well (see [7]).

2 Notation and definitions

Let K™ denote the family of all convex bodies in R™. For any subset S C R", conv.S and coneS denote the
convex hull and the convex conical hull of S, respectively. linS denotes the linear subspace generated by
S. Amap T : R" — R™ is called affine if T(Ax + (1 — \)y) = AXT'(x) + (1 — N\)T'(y) for any z,y € R™ and
A € R. In particular, an affine map f : R™ — R is called an affine function. It is known that f: R” — R
is affine if and only if f(-) = (u,-) + b for some unique v € R"™ and b € R, where (-, -) denotes the classical
inner product. Denote by aff(R™) the family of affine functions on R™ and by Aff(R™) the family of affine
maps from R™ to R™ . We refer the readers to [15] for other notation and terms.

The (n — 1)-dimensional unit sphere is denoted by S"~!. An n-dimensional simplex (n-simplex for
brevity) is denoted by A,,, i.e., A, := conv{vg, v1,...,v,}, where vg,v1,...,v, € R called the vertices
of A,,, are affinely independent.

We recall the well-known Minkowski measure of asymmetry: Given a convex body K € K™ and = €
intK, for a hyperplane H through = and the pair of support hyperplanes H;, Hy of C parallel to H, let
r(H,x) be the ratio, not less than 1, in which H divides the distance between H; and Hs. Note

aS00 () = aseo (K, ) := max{r(H,x) | H > z},
and the Minkowski measure as (K) of asymmetry of K is defined by (see [3,12])

aseo (K) = xe%gll() aseo (K, ).

A point z € int(K) such that ase(K,z) = ass(K) is called a Minkowski (or oco-) critical point (of
K). The set of all co-critical points of K is denoted by C. Another equivalent definition is as follows:
Let [ := pq be a chord of K passing through x, where p,q € bdK, the boundary of K. If defining
v(K,x) := max;s, ZE’;:;;;, where d(-,-) is the Euclidean metric, then v(K,x) = aso (K, x) (see [12]) and
80 aS00 (K') = mingeine (i) 7(K, ).

It is known that for any K € K", 1 < aseo(K) < n, and ase(K) = 1 iff K is (centrally) symmetric
and as. (K) = n iff K is an n-dimensional simplex (see [3,12]).

Next, we recall the definition of the mean Minkowski measure (function) of symmetry introduced
n [16]. Some notation is needed first.

Let K € K™ and « € intK. A multi-set {cp,c1,...,¢n} (m > 1 and repetitions are allowed), where
€0, C1,- - Cm € bdK, is called an m-configuration of K with respect to (w.r.t. for brevity) x if z €

conv{co,c1,...,¢m}. Denote by Cp,(x) = Cx m(z) the family of m-configurations of K w.r.t. z.

Definition 2.1 (See [16]). Given K € K", for each m > 1, we define its (m-th) mean measure
(function) of symmetry o,, = 0 m : intK — R by

1
om(z) : x € intK,

— inf -
{co,-.cscm }ECm () ; A(Ci, l‘) +1
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where A(c,z) = Ak (c,x) := j((cf;?) is the distortion and ¢® € bd K denotes the opposite point of ¢ € bd K

against x.
Clearly, for each m > 1, o, is affinely invariant. The following theorem was proved in [17].
Theorem 2.2 (See [17]).  Let K € K™. For m > 1, we have
< m +1

1<on, < 9

If m > 2, then o, (x) = (m+2)/2 for some x € intK iff K is symmetric with respect to x. If o,,(x) =1
for some x € int K, then m < n and K has an m-dimensional simplicial intersection across x, i.e., there
is an m-dimensional hyperplane H such that © € H and K N H is an m-simplex. Conversely, if K has
a simplicial intersection with an m-dimensional hyperplane H, then o, = 1 identically on K N H.

From Theorem 2.2, we see that the mean Minkowski measures provide indeed information about the
lower dimensional sections of a convex body.

Now we introduce a dual measure to the mean Minkowski measure, called the dual mean Minkowski
measure. In order to do so, we need some more notation. Given K € K", we define the set K] [%’1] by

Koy = {f € aff(R") | f(K) = [0,1]}.

It is easy to see that if f € K[% 1 then {f =0} and {f = 1} are a pair of (parallel) support hyperplanes

of K, from which it follows that as. (K, z) = max{ ff(l) | f € Ky )}, € intK (see [4,5]).

Given K € K™, for each m > 1, we define its m-support conﬁgumtzon in the following way: A
multi-set {fo,..., fm} C K[%,l] (repetitions are allowed) is called an m-support configuration of K if
ﬂ?;o{fi <0} =0, where {f; <0} := {z € R" | f;(x) < 0}. The family of m-support configurations of K
is denoted by C,, = C}}ym.

Remark 2.3. In contrast to C,,(x), Cy, does not depend on any point in the interior of K.

Definition 2.4. Let K € K™. For each m > 1, its (m-th) dual mean Minkowski measure (function)
Opy = Ok + INtK — R is defined by

o) = int { i i)

A point z* € intK satisfying oy, (%) = sup,cincx o, () is called a op,-critical point of K.

ey fm} € Cfn}, z € intK.

Remark 2.5. (1) The dual mean Minkowski measure is indeed a dual concept of the mean Minkowski
measure (see Corollary 3.5).

(2) Each o3, is concave in intK since it is the infimum of some concave functions > f;(z), whereas
Om is not concave in general (see [19]). Thus o2, and o, do not coincide in general.

(3) Since o2, is concave, op, () > 1, € intK (see Corollary 3.11) and lim, hax 0p, () = 1 (see
Proposition 4.4), there exists at least one of,-critical point.

(4) o = 1 trivially in intK since {fo, f1} €C{ iff f1 =1— fo.

Among other conclusions, one of the main results in this paper is the following theorem.

Theorem 2.6. Let K € K". For m > 1, we have 1 < 09, < ™. If m > 2, then of,(z) = (m—;U for
some x € iIntK iff K is a symmetric body centered at x. If of,(x) =1 for some x € intK, then m < n,

op, = 1 and K has an m-dimensional simplicial projection, i.e., there is a projection Pp : R"™ — H,
where H is an m-dimensional subspace, such that Py (K) is an m-simplex. Conversely, if K has an

m-dimensional simplicial projection (2 < m < n), then o, = 1.

From Theorem 2.6, we see that the dual mean Minkowski measures provide indeed information about
the lower-dimensional orthogonal projections of a convex body.

The paper is organized as follows: Section 3 discusses the characteristics and properties of the support
configurations. Section 4 studies the basic properties, such as sub-arithmeticity and upper-additivity
etc., of the dual mean Minkowski measure sequences. Section 5 is devoted to the proof of Theorem 2.6.
Finally, Section 6 presents the conclusions and further considerations.
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3 Properties of support configurations

In this section, we discuss the properties of support configurations and show some of their characteristics.
We first prove the following theorem.
Theorem 3.1.  Let fi(z) € K[%J]J = 0,1,...,m, where f;(-) = (ui,-) + b;. Then, the following
statements are equivalent:

(1) {Fi}mg € C5,.

(2) For each w € R™, (u;,u) <0 for some i.

(3) o € ri(conv{uiy, ..., u; }) for some affinely independent wu;,, ..., u;,, 1 <1< min{m,n}, i.e., there
are positive oy, such that Z;ZO 0y U, = O.

(4) cone{uy, Uiy, ..., uy} = lin{w,, iy, ..., u;,} for some affinely independent w;y, iy, ..., u;,, 1 <
I < min{m,n}.

In order to prove Theorem 3.1, we need the following lemma.
Lemma 3.2.  Let f;(x) € K[%’l],i =0,1,...,m, where f;(-) = (u;,-)+b;. Then, for any (tm1,bm41) €
cone{(ug, o), - .., (Um,bm)}, we have

m m—+1
ﬂ{fz' <0f = ﬂ {fi <0},
i=0 i=0

where fm+1(') = <um+17 > + bm+1'

Proof.  If N“,{fi < 0} = 0, then the equality is obvious. If (" {f; < 0} # 0, then this is just a
reformulation of the well-known generalized Farkas lemma (see [8, p. 60]). O

Proof of Theorem 3.1. (1) = (2) Let {f;}, € C3, and u € R™. If (u;,u) > 0 or (u;, —u) < 0 for all 4,
then f;(—Au) = (u;, —Au) +b; — —o0 as A — +oo for all 4. Thus, —A\u € ()~ {f; <0} for sufficiently
large A, a contradiction to (1).

(2) = (3) Consider the linear subspace V := cone{u;}, N (—cone{u;}™ ). If V.= {o}, then by the
separation theorem for cones there is u € R™ such that {u;}7, € {z | (u,z) > 0}, which contradicts (2).
So dimV > 1. Now, it is easy to see by the definition that V' = cone{u;,,...,u;, } = lin{ug,...,us} for
some g, ..., u;, (1 <s<m).

Thus, since —u;, € lin{u;, }i_, = cone{u;, }5_,, we have —u;, = afuiy+ > p_y @iy i, With o, g, > 0.
Thus 0 = Y7 _, @i, ui,, where a;, := 1+ af > 0. Now, let | be the smallest positive integer such that

0= Z;:o o, u;, for some g, ..., u; with o, > 0. Clearly [ > 1. We claim that w;,, ..., u; are affinely
independent. Suppose u;-o, ...,u; are not affinely dependent, then Zig:o Bi,ui, = o for some (not all
zero) Big, ..., B, with 37, B, = 0. Let
— s
)\::min{ 1B <0}= say)——-=,
B’ik " ( ) B’il
then
1 l l -1
0= Z Oy, Uy, + Z )‘ﬂikuik = Z(O‘Ue + )‘ﬁlk)u% - Z(alk + )‘ﬂik )uik’
k=0 k=0 k=0 k=0

where o, +AB;, >0 (0 <k <1—1)and at least one of them is positive, a contradiction to the choice
of [.

Thus,
l

!
1 o .
0 : Zaik“ik = Z ——*—,, € ri(conv{uiy, ..., u;}),

- l
> k=0 Yir k=0 =0 2ok=0 Vi
where | < min{m,n} clearly.
(3) = (4) Without loss of generality, suppose that ug, ..., u;, 1 <! < min{m,n}, are affinely indepen-

dent and o € ri(conv{ug,...,u}), i.e., 0o = Zi:o o;u; with «; > 0. Then for each 0 < 7 < [, we have
—u; = 23# Z—juj € cone{ug, . ..,u; }. Thus lin{uo, ..., u} = cone{ug, ..., u}.
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= ithout loss of generality, suppose cone{ug, ..., u;} = lin{ug, ..., u;} with affinely indepen-
4 1) Without 1 fg lity, supp e li e ith affinely indep
dent ug,...,u; for some 1 < ! < min{m,n}, then —ug = Zi:o a;u;, where a; > 0 with at least one «;
positive. Thus, setting f,4+1(+) := (—uo, ) + Zi:o a;b;, we have, by Lemma 3.1,

m m+1
Aifi<or= N {fi<0}=0
i=0 i=0
since {fo < 0} N {fim+1 <0} =0 (observing that
t
:CEIIIIllft‘K (@) = aellrgKZa’ i, &) + Zaibi

>

]~

a; inf (u;,x +E o;b;
0 xE€Int K

.
=l

= 041( inf (u;, ) eri) =0

zeint K
0

.
Il

and so {fm+1 <0} C {fo > 1}). Therefore {fo, f1,..., fm} €Cp,. O

We now present some other basic properties of support configurations.
Proposition 3.3. Let K € K", fo,..., fm EK[“O pm = 1.

D) {fo, s fmyeCs iff {1 — fo,....,1— fm} €Cp,.

(2) Nitolfi SO} =0 if NZo{fi <0} =10

(3) €2, is compact in RHEDm+1),

Proof. (1) Write f;(-) = (u;, -) + b;, then 1 — fi(x) = (—u;,x) —b;+ 1,0 =0,1,...,m. Thus {fo,..., fm}
€ Cg,, by Theorem 3.1(2), iff for each —u € R"™, (—u, u;) < 0 for some 0 < i < m, i.e., iff for each u € R™,
(u, —u;) <0 for some 0 <4 < m, and so, by Theorem 3.1 again, iff {1 — fo,...,1— fi,} €C.,.

(2) Nito{fi <0} =0 implies clearly ;- {f; <0} = 0.

IO {fi <0} #0, choosing 21 € ([-o{fi <0} and x5 € intK (so fi(z2) > 0 for all i), we have, since
filhzr + (1 = Na2) = AMi(z1) + (1 = N) fi(x2) = —o0 as A — +oo for each i, fi(Aox1 + (1 — Ag)z2) <0
for some A\g > 0 and all 5. Thus, Agz1 + (1 — Xo)z2 € Niey{fi < 0}, ie. ﬂzno{fi <0} # 0.

(3) Since K ;) is compact in R+ (see [9, Lemma 1]) and so is K ) X -+ x K[ 4y ((m +1)-fold), we
need only to show that C;, € K[o XX K[o 1] is closed.
Let {f§", ..., %Y € Co k=12, and {f§" ..., f%)} = {fo,-. . fm} € Ky -+ x Kby as k

— 00, which is equivalent to fi(k) — f; for each i. Now, suppose {fo,..., fm} & Cm, 1., Nizo{z | fi(z)
< 0} # 0, then by (2) just proved above, there exists xg € (i~o{z | fi(z) < 0}, i.e., fi(zo) < O for each i.
Thus, since fi(k) (x0) = fi(zo) as k — oo, we conclude that there is kg such that fi(k) (x0) < 0 for all
k > ko and all i, which contradicts that {f{", ..., £} e c2,, k > ko. O

Corollary 3.4. The infimum in the definition of o,, is attainable, i.e., for given x € intK, there is
an m-support configuration { fo, ..., fm} € Ci ,, such that St filz) = o0, ().

Proof.  This follows from Proposition 3.3(3) and the fact that Y .- fi(z) is continuous w.r.t.
{f07"'7fm}' O

o
m

An m-support configuration {f;} such that >, f;(z) = &
intK.
The next corollary shows a kind of duality between o, and o;,. Before stating the corollary, we need

(x) is called an m-minimizer w.r.t. x €

some preparations.
Given K € K" and x € intK, we define the support function h,(-) = h, (K, -) based at = of K by

he(K,u) :=sup{(u,y —z) |y € K}, uweR",
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the gauge function g, (-) = g, (K, -) based at = of K by
9o (K, u) :=inf{A\ >0 |ue NK —-=x)}, ueR"
and the dual body K7 based at x of K by
K ={y|{y,z—z)<1,z€ K} +z.
Clearly, when x = o € intK, h,, g, and K° are exactly the classical ones, and

9z (K, u) = go(K — z,u), K*:=(K-—1x)°+ux,

he (K u) = ho(K — z,u),
z Oau)a gd?(Kzﬂu) = go((Kiz)ovu)'

he (K™, u) = ho((K — )

[15, Lemma 1.7.13] states an elegant relation between the support and the gauge function: If o € int K,
then for any u € R"™, g,(K,u) = ho(K°, u).

Corollary 3.5. Let K € K™ and m > 1. Then,
Okm(2) = 0o 1 (T), O (2) = OKe ().

Proof. ~ We first point out a fact that for each v € R™ \ {0}, there are (unique) p > 0 and b € R
such that f() := (uu,-) +b € K, (choosing b = by/a and p = 1/a, where by := —infyex (u, x) and
a = sup,cx(u, ) + by).

Then, for ¢; € bdK, defining fi(-) = (ui(c; — @),-) +bi € (K*){g ), 0 <4 < m, where p; > 0 as
mentioned above, we have

{co,c1,...,em} € Crom(2)
& x € conv{cg,c1,...,cm} (by definition)
! !
Sr= Zaikcik, where [ > 1,{¢;, } C {ei}, iy, > O,Zaik =1 (by z ¢ bdK)
k=0 k=0
!

S o= Z %uik(cik —x) < {fo, f1,---, fm} € Cke p, (by Theorem 3.1).

=0 Moy,

Next, observing that for ¢ € bd K, gé;;;)) =go(K—z,2—c)and g,(K —x,c—x) = 1 since c—x,c® —x €

bd(K — z), we obtain

1 1 go(K — x,¢; — )

Aena)+1  dwed 7~ g (K —a,2 — ) + go(K — a,¢ — )

d(z,c?)
B ho((K —x)°,¢; — )
C ho((K — )%, 2 —¢;) + ho((K — 1)°,¢; — x)
he (K®,c; — )
he(K®, 2 — ¢;) + ha(K®,¢; — @) fi(®)

(by [15, Lemma 1.7.13])

Hence, with the help of Proposition 3.3, we have

m
1
o x) = inf —_
K7m( ) {co.c1,esem }ECK m () ; A(Ci; CL’) +1
m m
= inf 1— fi(z)) = inf i(z) = 05 ().
o M, SR = ) = o)
The second equality follows from the fact that (K*)* = K. O

One kind of particular support configurations will play an important role in the study of dual mean
Minkowski measures of symmetry.
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Definition 3.6. Let 1 < m < n. For 1 <m < n, an {fo,..., fm} € C3,, where f;(:) = (u;,) + by, is

m?

called simplicial if ()}~ {f; = 0} Nlin{u,} is an m-simplex, where a 1-simplex means a segment.
Theorem 3.7.  Let {fo,..., fm} € C3, with fi(-) = (ui,-) +b; (1 < m < n). Then the following are
equivalent:

(1) {fo,---, fm} is simplicial.

(2) wo, ..., um are affinely independent and cone{u; }7™ = lin{u; }1.

(3) Yoty aiu; = o for some positive ag, . .., am and if Y- Biu; = o with non-negative fB;, then either
Bi >0 for all i or 5; =0 for all 1.

(4) {fo,---, fm} has no proper sub-support configurations.

Proof. (1) = (2) If {fo,..., fm} is simplicial, then wuy,...,u,, are exactly the m + 1 inner normals
of facets of the m-simplex A, := " {f; = 0} Nlin{u;}!",. So {u;}, are affinely independent and
dim(lin{u;}",) = m. Suppose that cone{u;}!*, < lin{u;}*,. Then by the Separation Theorem for
cones, cone{w;}1", C {z € lin{u;}* | (u,x) > 0} for some u € lin{u;}",. Thus, choosing z¢ € A,,, we
have
filxo + tu) = (us, o + tu) + b; = (ui, o) + b + t{us,u) =0

forallt > 0 and all ¢, i.e., {mo+tu | t > 0} C A,,, which contradicts the boundedness of A, in lin{w;}",
(noticing that x¢ + tu € lin{u,;}1*, for all ¢).

(2) = (3) Since cone{u;}7, = lin{u;},, we have —ug =
Zyioaiui =o0,whereag =1+ >0and a; = >0 for 1 <i<m.

Before showing that all «; above are positive, we first show the second conclusion. Assume that

Z:ZO v;u; for some ; > 0. Thus

Z?lo Biu; = o for some non-negative Sy, . .., Bmn. Suppose that some [3; are zeros and some [3; are positive.
Without loss of generality, we assume f3,, = 0 (and so Zflgl Bi # 0). Observing that —u,, = > i~ Biu;
or equivalently Z?;Bl Biu; + (14 B, )um = o for some 3, > 0, we have

m—1 m—1
Y (uBi = Bui = (L4 Bl )um =0 and Y (uf; = B)) = (1+6,,) =0,
i=0 1=0

where = (375" 8) N0, B+ (14 B,)), which contradicts the affine independence of ug, . . . , U,
since 1+ f3], # 0.

Now the fact that all «; are positive is just a simple consequence of the second conclusion.

(3) = (4) Without loss of generality, suppose {fo,..., fm,} € Cp, , where 1 < my < m, then by
Theorem 3.1(3), there are affinely independent w;y,...,u;, 1 < I < min{my,n} < m, such that o €
ri(conv{u;, }_,), i-e., 22:1 @, g, = o with «;, > 0, which contradicts (3) since I < m.

(4) = (1) By Theorem 3.1, o € ri(conv{u;,,...,u; }) for some affinely independent wu;,,...,u;, 1 <
[ < m, which in turn shows {fi,,..., fi,} € C; by Theorem 3.1 again. Thus [ = m by (4) and so
0=>7",a;u; with all a; > 0. Now we claim that the non-empty set A, := (- {f; = 0} Nlin{u; }1",
is bounded in the m-dimensional subspace lin{u;}[*, which means that {fo, ..., fm} is simplicial.

Suppose that A, is not bounded in lin{u;}*,, then {xo + tu | t > 0} C A,, for some zy € A,, and
non-zero u € lin{u; }7, (so fi(zo+tu) > 0 for all ¢ > 0 and all i). However, since 0 = >/ a; (u;, u), we
have (u;,,u) < 0 for some ig and furthermore

0 < fio (o + tu) = {usy, xo) + t{uy, u) + b;y — —00 as t — +o0,
a contradiction. O

The next proposition shows that the simplicial support configurations are not very special.

Proposition 3.8.  Any {fo,...,fm} € Co, (m > 1) has a simplicial sub-support configuration { fi,,
. fiu} €Cr, where 1 <1< min{m,n}.

Proof.  Denote f;(-) = (u;,-)+b;. Then, let [ be the smallest positive integer such that 22:0 QG Uy, =0
for some {u; }_, € {u;}™, and a;, > 0, 0 < k < [ (by Theorem 3.1, such [ exists and 1 < [ <
min{m,n}). Thus, {fi,..., fi,} € C{ by Theorem 3.1 again, and further {fi,,..., f;, } is I-simplicial by
Theorem 3.7(3). O
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We end this section with the following proposition and its corollary.
Proposition 3.9.  Let K € K". If {fo,..., fn} € C§,, is n-simplicial, then Y 7 fi(x) > 1 for all
z € intK and the equality holds for some x € ntK iff K = (\_o{z | fi(x) > 0}, i.e., K is an n-simplex.

In order to prove Proposition 3.9, we need the following well-known fact and we repeat the proof here
for completeness (see [4]).

Lemma 3.10. Let A € K" be an n-simplex with vertices vg,...,v, and g; € AFO 1] be such that
gi(v;) = &;5, the Kronecker symbol. Then > g; =1 in R™.
Proof.  Observing that for any z € R", z = Y. a;v; for some ay, ..., a, € R with Y1 jo; =1, we
have,
n n n
S = 2o (Loms) = 23 et = o =1 .
i=0 i=0 §=0 i=0 j=0 =0

Proof of Proposition 3.9.  Denote A := (/_,{z | fi(z) = 0} which is an n-simplex with vertices, say,
Vg, ..., Un. Let g; € AFO,I]’ 0 < i < n, be such that g;(v;) = d;;. Then it is easy to check that g;(x) < fi(x)
for all z € K and all i since K C A. Thus, we obtain >, fi(x) > > I gi(x) = 1 by Lemma 3.10.

For the equality case, > . fi(x) = 1 for z € intK iff g;(z) = f;(z) and iff g; = f; for all i and so iff
K =A. O

Corollary 3.11. Let K € K" and m > 1. Then op,(z) 2 1 for all € intK.
Proof.  For any x € intK, let {fo,..., fn} € Ck ,, where fi(-) = (u;,-) + b;, be a minimizer w.r.t. =,
ie, >, fi(z) = 02, (z). By Theorem 3.7, there is a simplicial l-support configuration {f;,,..., fi,}

CHfo,--s fu} (1 <1< min{m,n}). Therefore, with the help of Proposition 3.9, we obtain that, for any
r € intk,

m l l
oo (@) =3 filx) =3 fila) = > fi(P2) > 1
i=0 k=0 k=0

where P is the orthogonal project from R™ to lin{u,,, ..., u; }. O

4 Properties of the sequence {02, }in>1

In this section, we show that the dual measures o;, share many nice properties with the mean Minkowski
measures.
First we show that, similar to {0, }m>1, the sequence {og,} is sub-arithmetic.

Theorem 4.1. For any K € K™, x € intK and m,k > 1, we have

Opir(x) <op(x) +kf(r), z€intk,
where f = f, € Ko ] satisfies f( ) = 1nff€K[0 | f(x), or equivalently %g) = ase (K, z). Moreover, the
equality holds for m =n and k > 1, i.c., the sequence {0}, ;. }r>1 is arithmetic.

Proof.  For any {fo,..., fm} € Cy,, denote by {fo,..., fm, f..., f} the (m + k)-support configuration
with k copies of f added to {fo,..., fm}. Then we have

° (x) +kf(x) = inf () + kf(
om(@) + k(@) {fo,...f?m}ecto fa

= inf <Zf )+ kf(x >

{f[),»»»gf'nnff‘“7f}€cfn+k 1=0
m-+k

> inf Z fi(z) = o, ().
i=0

{fo, s fm+r}ECS, 4,
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If k > 1, then, for any {fo,..., fuyx} € C, ., by Helly’s theorem we have, say, {fo,..., fn} € Cy.
Thus, for z € intK,

n+k n m-+k
Yo f@) =D fill@)+ Y filw)
i=0 i=0 i=n-+1

Z o (x) + kf(2),
which leads clearly to oy . (7) > o} (x) + & f(x) and in turn (together with the reverse inequality just
proved above) leads to o, ;. (z) = oy, (z) + kf(z), i.e., the sequence {05 1 }e>1 is arithmetic, O
We now show that, similar to {o,,}, the sequence {02, } is also upper-additive.
Theorem 4.2. Let K € K and m,k > 1. Then we have

o _ o > ] _ [e]
Jm+k Um+1 =z O 01-

Proof.  Let {fo,..., fmtx} € Cpyy, be an (m + k)-minimizer w.r.t. z € intkK.
If {fo,..., fm} € C:, then by applying Theorem 4.1 repeatedly, we have

m mk
O (T) = Z Z filz
i=0 i=m+1
> oy, (x) + kf(x)
> oy, (@) + (k= 1)f(x)
= g1 (@) + (07 (@) + (k= 1) f(2)) — o7 (x)
2 0y (2) + o () — 07 (),

where f is the same as in Theorem 4.1.
If {fm+1,--, fmsr} € Ci_y, we have, by applying Theorem 4.1 repeatedly again,

m m+k
UfnJrk( ):Z Z fz
=0 i=m+1
> (m+1)f(x) + op_y(2)
= (mf(2) + 07 () + (f(2) + 0}_1 (2)) — oF (2)
> 05,41 (x) +0p () — 07 (2).

Now, suppose that {fo,..., fm} ¢ C5, and {fm41,..., fmsr} ¢ Cp_,. We first observe that, by The-

orem 3.1, there are non-negative o, @ = 0,1,...,m + k, with «;, > 0 for at least one iy such that
ngk a;u; = o, from which we get > ;" au; = — Z;z;fﬂ a;u; =: u. We claim that u # o (so not all
a;, 1=0,...,m, are zero and not all o;, i =m+1,...,m+ k, are zero) for otherwise we would have by

Theorem 3.1 again {fo,..., fm} € Cs, O {frms1,--+, fmtr} € Ch_q.

We set f(-) :==(u,") +be K (and so 1 — f = (—u,-) + 1 —-b € K ;) as well), where b = Yo b
Thus, it is easy to check that by Lemma 3.2 " {f; < 0} N{l—f <0} = N o{fi <0} =0, ie,
{fo,-- s fm, 1 = f} €Cyyq. Similarly, {frg1,-.., frtk, f} € Cp. Thus,

0$n+k(93) Em: mZJrk filz
i=0 i=m+1
. m-+k
_ (Z,:o fil@) + (1 - f(x))) + (iz%lfi@ o (””)) o

2 Oy (2) + oy () — o7 (@),

where we used the fact o7 = 1. O
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The following are some applications of Theorem 4.1: The first one reveals the relation between the
Minkowski measure of asymmetry and the dual mean Minkowski measure of symmetry and the second
one implies that the concave function oy, : int K — R can be continuously extended to the whole K by
setting it equal to 1 on bd K.

Proposition 4.3.  Let K € K™. Then lim,,_, U%f) = 1+asl OF

Proof. By Theorem 4.1 and the fact that o2, (z) > (m~+1)f(z), where f is the same as in Theorem 4.1,
we have

R R o O'O X
f(:c) ~ lim m—“f(:c) < lim Um(:E) — lim LI)()
m—oo M m—oo M m—reo m
. o(z)+(m—1 f < ¢
So limy, 00 a";,iz) = f(:E) = 1+asloo(l‘)' .

Proposition 4.4. Let K € K" and xp € bdK. Then lim,_,,, 02, (x) = 1.
Proof. By Corollary 3.11 and Theorem 4.1, we have

1< lim oy, (z) < lim (07 (z) + (m — 1) fo(2))

T—xTo T—To

— lim (14 (m - 1)f,(2) = 1,

where we used the obvious facts that o7 = 1 and lim,_,,, fl(ac) = 0. Therefore lim, ., 0o, (z) =1. O

5 Proof of the main theorem

We start this section with two lemmas which will be needed for the proof of Theorem 2.6.
Lemma 5.1.  Ifol(x) =1 for some x € intK and there is a simplicial n-minimizer w.r.t. x, then K
is an n-simplez (and so o, = 1).
Proof.  Suppose oy, (x) = 1 for some = € intK and {fo,..., fn} € C is a simplicial minimizer w.r.t. x,
e, A:="_o{fi =0} is an n-simplex. For 0 <i < n, let g; € Afy 1 be such that {g; = 0} = {f; = 0},
then g;(z) < fi(z) (since K C A).

If K is not an n-simplex, then there exists at least one ¢ such that g;(x) < fi(z). Thus of(z) =
Soio filw) > Y0, gi(x) =1 (where the last equality follows from Lemma 3.10), a contradiction. O

Lemma 5.2. Ifo) (x) =1 (m < n) for some x € intK, then all m-minimizers w.r.t. x are simplicial.

Proof. T {fo,...,fm} € C:, is not m-simplicial, then by Theorem 3.7 and Proposition 3.8, { fo, ..., fm}

has a proper sub-support configuration, say, { fo, ..., fi}, where | < m. Thus we have
m l m
Yo fila) =D fill@)+ Y filw) > op(z) > 1.
i=0 i=0 i=l+1
So {fo,- .-, fm} is not an m-minimizer w.r.t. . O

Now, it is the time to prove Theorem 2.6.

Proof of Theorem 2.6.  First, we consider the inequalities. Since o,, > 1 was already shown in Corol-
lary 3.11, we need only to show o, < mTH
By Theorem 4.1,
m—1 m+1

O (@) = 074 (1) (2) < 07 (z) + (M — 1f(z) <1+ =5

where we used the fact that f(z) < 1 for all z € intK (which can be easily seen from the definition of 7).
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We now discuss the equality cases.
Suppose that K is a symmetric body centered at z. Then f(z) = 3 for all f € Ky ) and so S fil)
= 2 for any {fo,..., fm} € Co, and in turn o9, (z) = 2HL

Conversely, if o2, (z) = mTH for some x € intK, then by Theorem 4.1,

1 m+1
2 2

m—+ 1 A m
- 54_

= = 05 (@) <o (@) + fl@) <

where we used the fact that o;, ;(z) < F and flz) < %, which implies clearly f(z) = . Thus, by the
definition of f, we have flz) = % for all f € K[%,u and in turn that K is a symmetric body centered at x.

Now suppose there is an orthogonal project Py : R™ — H, an m-dimensional subspace (2 < m <
n), such that A := Py(K) is an m-simplex in H with vertices, say, vg,...,v,. Let affine functions
fi: H— R (0 <i<m)besuch that fi(v;) = d;;. Then {fo, fi,..., fm} € CA.m and S, fi=1in
intA. Now, setting f; := fio Py : R* — R (0 < i < m), we have clearly {fo,..., fm} € C¥ . and
S file) = fi(Pra) =1 for z € intK, ie., 02, = 1.

Conversely, if op, () = 1 for some = € intK and {fo,..., fm} € C;, is an m-minimizer w.r.t. =,
e, Y, fi(z) = 1, then m < n for otherwise, by Helly’s theorem there are, say, fo,..., fn such that
{fo,---, fn} € C;, and so we would have 1 = oy, (x) = Y7 filx) = Y0 fi(z) + X000, 41 filz) >
on(z) + Z;iwd filz) > 1.

By Lemma 5.2, {fo,..., fm} is m-simplicial. Now setting H := lin{w;}!", where ug, ..., u,, are such
that fi(-) = (us, ) + b;, we have, by the definition of simplicial support configurations, that Py (K) is an
m-simplex in H.

The proof is complete. O

6 Conclusions and further considerations

As mentioned in Introduction and shown in later sections, in contrast to the mean Minkowski measures
which describe the shapes of low-dimensional sections of a convex body, the dual mean Minkowski mea-
sures of symmetry provide indeed some valuable information on low-dimensional orthogonal projections
of a convex body, in particular, on low-dimensional simplicial projections. To the best of our knowledge,
the mean Minkowski and the dual mean Minkowski measures of symmetry are probably the only mea-
sures which provide information not only on the shape of a convex body itself but also on the shapes of
its sections or projections. We expect more such kinds of measures of symmetry (or asymmetry) to be
found.

In this paper, we pay attention mainly to the best lower/upper bounds of dual mean Minkowski
measures and determining the corresponding extremal projections. There are still more problems to be
studied, e.g., the stabilities of dual mean Minkowski measures at both the extremal values, i.e., 1 and
mTH; the properties of the set of oy, -critical points. Also, we think it hopeful that Griinbaum’s conjecture
is valid at a oy, -critical point, i.e., there should be n + 1 affine diameters meeting at one o, -critical point
of a convex body (see [7]).
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