
GABOR TOTH 

O N  C L A S S I F I C A T I O N  O F  O R T H O G O N A L  

M U L T I P L I C A T I O N S  

A L A  D O  C A R M O - W A L L A C H  

ABSTRACT. The space of range-equivalence classes of full orthogonal multiplications 
F: 1~" x R" ~ ~P, n < p ~< n 2, is shown to be a compact convex body lying in so(n) ® so(n). 
Furthermore, the dimension of the space of equivalence classes is determined to be 
(n2(n - 1)2)/4 - n(n - 1). 

1. INTRODUCTION 

A fundamenta l  p rob lem is construct ive harmonic  m a p  theory posed by R. 

T. Smith  [7] is to classify o r thogona l  mult ipl ications F: R" x ~"  --, N-P ([3, 

(4.6) Prob lem] ;  cf. also [1], [2], [5], [6], [8]). The  connect ion with 

harmonic  maps  is given by the H o p f - W h i t e h e a d  construct ion which, when 
applied to such F, gives rise to a (quadratic) harmonic  m a p  

defined by 

f F  2 s2n  1 ~ S p  

TF(X,y) = (IPxII 2 --IlYl[e, 2F(x,y)),  x, y e  ~", I]xlf z + Iryll 2 = 1. 

I m p o r t a n t  examples  include the various H o p f  maps  and, for any n, 
fF®: $2"-~ ---> S'2 with F®: ~" x R " ~  ~,2 the tensor product .  

C L A S S I F I C A T I O N  T H E O R E M .  The space of  ranye-equivalence classes o f  

full  orthogonal multiplications F: ~" x ~" ---} NP, n ~< p ~< n 2, can be para- 

metrized by a compact convex body L,  lying in a finite dimensional vector 

space E,. As  an SO(n) x SO(n) module (induced by precomposition) E,  is 

isomorphic with so(n) ® so(n) (given by Ad ® Ad). For n >1 3, it has finite 

principal isotropy type. In particular, the space of  equivalence classes of  
orthoyonal multiplications ( = L , / S O ( n )  x SO(n)) is o f  dimension ( n 2 ( n -  
1)2)/4 - n(n - 1). 

R E M A R K S  1. As shown by Parke r  [6], for n = 2, L i s a  line segment with 

bounda ry  points  cor responding  to the H o p f  m a p  and its dual. In  fact, a 
comple te  classification of full quadrat ic  harmonic  maps  of S 3 into S", 

2 ~<n ~< 8, is given in [10], [11]. Moreover ,  as in [6], for n = 3, 
d im(L3/SO(3 ) x SO(3)) = 3 can be obtained by explicit computa t ion .  

2. Besides the H o p f - W h i t e h e a d  method,  one can construct  quadrat ic  
harmonic  maps  f : S  4"-1 ---}S p f rom or thogona l  mult ipl icat ions Fi: ~ " x  
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~,__.  ~v~, i = 1 , . . . , 6 ,  by  

f (x ,y ,  u, v) = (llxll 2 + ILyll 2 - IIulI 2 - Ilvll 2, 

2Fl(x, u), 2 f  ~(x, v), 2F3(y, u), 2F~(y, v)). 

and 

f (x ,y ,  u, v) = (llxll 2 - llyll 2, Ilull 2 - Ilvll 2, 2Fl(x,y), 

.vf2 Fz(x, u), x/2 e3(x, v), w/2 F4(y, u), 

x/2 F5(y,v), 2F6(u,v)), x,y, u, v~ ~", Ilxl12+ Ilyll z + Ilull 2 + l[ylL 2 = 1. 

3. With respect to the cell structure of the parameter  space L ° of 

equivalence classes of full harmonic maps of spheres with (fixed) constant  

energy density, the parameter  space L given in the theorem above can be 

shown to compose  a cell on ~L ° [11]. 

2.  P R O O F  OF THE C L A S S I F I C A T I O N  THEOREM 

Recall first that  an or thogonal  multiplication is a bilinear map 

F:  ~" x N " ~  R p satisfying IlF(x,y)ll = Ilxll ' l lyll ,  x, y e  A". If F is full, i.e. 
surjective, then we have n < p ~< n 2. Two or thogonal  multiplications F, 

F ' :  R" x R"--,  R p are said to be equivalent if F(Vx, Wy) = UF'(x,y), x, 
y e R " ,  holds for some V, W e S O ( n )  and UeO(p). F and F '  are range- 

equivalent if they are equivalent with V = W = I,,(=identity). 

Turning to the proof  of the theorem, let F: R" x R"--* N p be a full 

o r thogonal  multiplication. By the universal property of the tensor product,  

there exists a unique (p x n2)-matrix A of maximal rank such that 

F = A .F®. Now,  for x, y e  R", we have 

llx ®yll  2 = [Ixll 2. l lyl l  2 = Hf(x,y)ll 2 = (AtA(x ®y) , x  ®y> 
= (AtA , (x  ®y)25 ,  

or equivalently, 

(A tA  - 1,2, (x ® y)2 ) = 0, 

where 2=(symmetr ic )  tensor square and the scalar product  is taken in 

$2(R'2). Putt ing W, = span{(x ®y)Zlx, y~  R °} ~ Sz(~'2), E, = W,  ~ and 

L, =- {C ~ E,I C + 1,2 >~ 0} (' >~' symmetric positive semidefinite), we obtain 

a map from the space of range-equivalence classes of or thogonal  multipli- 

cations into L, which sends the class o f f  to AM - I , ~  L,. This correspon- 

dence is easily seen to be bijective onto L (in fact, the inverse is given 

by associating to C~L,  the or thogonal  multiplication F = x / C  + 1,2. F®). 
With respect to the s tandard base { e i ® e ~ } 7 , j = l c R ' ® R ' , f o r a s y m -  
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metric endomorphism C of ~" ® [~", we have the polynomial expansion 

where 

< C(x  Q y), x ® y > = f CijktxiYjXl~Yl, 
i , j , k , l=l  

x =  f xiei, y = f yje i and c u k t = ( C ( e i ® e j ) , e k ® e l > .  
i = 1  j = l  

C o m p a r i n g  coefficients, we ob ta in  that  C ~ E,  is equivalent  to the doub le  

skew-symmet ry  of cisk~ in i, k and j,  l. Thus, E,  ~ so(n) ® so(n) with an 

i somorph i sm which, in fact, respects  the SO(n) x SO(n) modu le  s t ructures  

on E ,  and  so(n) @ so(n). Assume now that  the connected  pr inc ipa l  i so t ropy  

type (H°°) is nontr ivia l .  F o r  n ¢ 4, E ,  is i r reducible  and by a result  of Wu-Yi  

Hs iang  ([4, pp. 93-94]) ,  we have 

( n o ° )  = 0 o (HE~pso(,,)× {i}) x (HE.I{~) ×so(.))" 

As SO(n)-modules ,  

E.ISO(n ) x {1} ~ E.I{1} x SO(n) 

 /times) 
and since the generic intersection of n(n - 1)/2 maximal tori is finite, we 
obtain a contradiction. For n = 4, we first split E 4 ~ so(4) ® so(4) into four 

irreducible components and then apply the argument above. 
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