ON RIGIDITY OF HARMONIC MAPPINGS
INTO SPHERES

GABOR TOTH

1. Introduction

A map f:M — M’ of a compact oriented Riemannian manifold M into a

complete Riemannian manifold M’ is harmonic if its energy E(f) = 3 JII flI? vol (M)

M

is stable to first order with respect to variations of f [2]. Though, by the work of
T. Sunada [14], harmonic maps into nonpositively curved codomains are globally
rigid, an essential obstruction to proving rigidity in the case when Riem™ > 0 is the
lack of Hartman’s uniqueness [3]. On the other hand it has long been noticed that,
in all cases, harmonic maps behave nicely with respect to infinitesimal deformations
preserving harmonicity up to second order, that is, the second variation formula
[8, 13] and Jacobi fields along harmonic maps have been proved to be useful in
showing rigidity of harmonic maps (see [2, 6, 9, 10, 11, 12, 13]).

The purpose of this paper is to study harmonic maps into spheres with various
rigidity properties when higher order terms of the expansion of the energy functional
along a variation are also taken into account. In Section 2 we define the (geodesic)
variations of a harmonic map given by translating the map along geodesics of a
prescribed Jacobi field along this map. The concept of harmonic variation is
introduced [15] and its close relationship with the Jacobi fields is indicated
(Theorem 1). In Section 3 infinitesimal and local rigidity of harmonic maps are
studied in detail; for example, by reducing the problem to that of the linear algebra,
we show that harmonic embeddings f : S™ — S" with energy density e(f) = m/2 are
rigid (Theorem 2). (For examples of nonrigid harmonic embeddings, see [17].) In
Section 4 certain metric spaces of locally rigid harmonic maps are introduced and
their classification is reduced to that of the canonical inclusion map i: $™ — S".

Throughout this note all manifolds, maps, bundles, etc. will be smooth, that is, of
class C®. The report [2] is our general reference, adopting the sign conventions of
5]
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discussions on the matrix calculus used in this paper and for giving a proof of
Lemma 2.

2. Jacobi fields and harmonic variations

Let f:M — §" be a map of a compact oriented Riemannian manifold M of
dimension m into the Euclidean n-sphere S". A vector field v along f, that is, a section
of the pull-back bundle F = f*(T(S")), gives rise to a (geodesic, 1-parameter)
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variation t — f, = expo (tv), teR. Then ve C®(F) is said to be a harmonic
variation if the maps f,: M — §" are harmonic [2] for all t e R. The set of all
harmonic variations (or the variation space) of the given map f is denoted by
V(f) = C(F).

If t — f,, te R, is an arbitrary (not necessarily geodesic) variation of f through

0 D o .
harmonic maps then v = 73% is a Jacobi fieid along f [2], that is, v is a solution of
t=0

the Jacobi equation

Jpv = —V?p+trace R(f,,v)f, =0,

where V is the induced connection of the bundle ¢ = F @ A*(T*(M)); Vv is
the trace of the bilinear form (X, Y) —» V,V,0—Vy v (see [11]); f, € C*() is the
differential of f and R denotes the Riemannian curvature tensor of S". The
differential operator J, € Diff, (F, F) is strongly elliptic [11] over the compact
manifold M, and hence solutions of the Jacobi equation have uniqueness in the
Cauchy problem; the nullity Null(f)=dimJ(f), J(f) = kerJ;, and the
Morse index of f (that is, card {eigenvalues(J;) < 0}) are finite. By a recent
theorem of P. F. Leung [6] the index of a nonconstant harmonic map f: M — §",
with n > 3, is strictly positive; by an earlier result of R.T.Smith,
index (idg)) = n+1 [13]. For the nullity of id, see [13] and Section 3 below.

THEOREM 1. Let v be a Jacobi field along the harmonic map f: M — S" and write
T(v) = {teR| f, = exp o (tv) is harmonic} .

Then the following cases can occur:
(1) T(v) consists of at most two points (including 0) and ||v|| is not constant,
’ n
(2) [|vll is a non-zero constant and T(v) = ﬂ Z,
v

(3) T() = R, that is, ve V(f), and this is the case if and only if ||v|| is constant
and trace {f,,Vv) = 0.

Proof. Given 0 # ve C®(F) the induced variation
t —— ([, e C=(F' ® T*M)),  F' = (f)*(T(SM),
can be conveniently described by considering the 1-forms
P(1) = (t5[v] ® idrep)(f)x € C=(F ® T*(M))

with values in F, where t.[v] : F* — F'" is the isomorphism defined by the parallel
transport along the geodesic segments t — f(x), te[t',t"] (ort e [t",t']), x € M. For
simplicity, we write 1} = 7,.[V] @ idye7eny and omit O in f;, 15, etc. Then
t = (f) X, with X, e T(M), xe M, is a Jacobi field along t — f(x), te R, and
applying 7' to both sides of the corresponding Jacobi equation and omitting X, we
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obtain

(A) dz;z"z(t) +R(P(t),v)v =0

with initial data

() PO =1 ad 0w,

(cf. [15, 16]). Using the well-known formula [5, Vol. I, p. 203], we have
RX,Y)Z =Y, 2>X—(X,2)Y, X,Y,ZeX(§");

the initial value problem (A) with (B) can be solved explicitly

v v v v
P(t) = <f*+sz,m> gy 08 (elivll) (f*_ <f*’W> ﬁ)

sin (t||v]|) v v
AT (V”_ <V”’uv_||>w>

(in the case when v, = 0 we take P,(t) = f, +tVv at x € M). In order to compute the
tension field t(f,) = div(f), € C*(F') [2] in terms of f, and v we need the identity

t

(ttoVior)w—Vw = —R(JP,,(S)dS,U)W, we C®(F),

0

relating the induced connections V' and V on & = F' ® A*(T*(M)) and ¢,
respectively. (This can be shown directly by using local symmetricity of S” and the
definition of R by parallel transport; see also [15].) Then, as in [16], we get

(1(f;)) = t'trace {V’(f,)*} = trace {(z' o V' 0 1,) P(t)}

= — (V*P,,(t) +trace {R (IP"(S)dS, u) P,,(t)}) ;
0]

in particular, f,: M — $" is harmonic if and only if

t

(€) ¥(v, ) = V*P,(t)+trace {R ( J P,(s)ds, v) P,,(t)} =0.
0

On substituting the solution P(t) of (A), (B) into (C) an admittedly long calculation
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yields
¥(v, t) = cos (t||v]|) V¥, — Sinlt::un) v
sin (dllol) (R(f,, v)f,}
llu
ZtS—iﬁu(ﬁ‘w trace {R(f,, v)Vv}

2sin (¢]|o[]) — 2¢]lv]| cos (¢][v]l)
lloll®

trace {R(Vv, v)Vuv}
cos (t]lvll)—1
(Joll?

sin (2t]jv]]) — 2 sin (¢]|o[])
2l

T (V2,v)o

V¥, 0ov+

trace {(R(f,, v)fy, 0D}V

—cos (2t]|v]) — 2t||v|| sin (¢]|v]) + 1
lloll*

trace {(R(f,, v)Vv, v)}v

4+ Sin (2tJelf) — 4 sin (¢]juf]) + 4tllv]] cos (¢llvl) + 2ol
2ljolf®

trace {(R(Vv, v) Vv, v)}v

(in the case when v, = 0 we take the corresponding limits). Assume now that
f:M — S"is harmonic and v e J(f). By Cauchy uniqueness, the complement M’ of
the zero locus of ||v]| (not identically zero) is dense (and open) in M. Let 0 # t e T(v)
be fixed. Using the Jacobi equation and the explicit formula for ¥(v, t) above, a
routine calculation shows that the equation

_ 1 —=cos (2t||v]])

(¥(o, t),v) = Tk trace {R(f,, v)Vv, v)

sin (2¢]lw][) — 2¢|fo|
2]jol®

{I1v1>¢V?v, v) —trace {(R(Vv, v)Vv, v)} = 0

holds on M". If 0 # t' € T(v) we get

1 —cos (2t]jv]]) 1 —cos (2t'||v])) 3 )
(o 2 ~ i 5y 0 e RO =0 (o ).

Write U = M’ for the (possibly empty) complement of the zero locus of
trace {R(f,, v)Vv, v). Then

1 —cos (2tjlv]]) 1 —cos (2¢'||v]])

sin (2¢ljoll) = 2ellol] — sin (2¢Jo]]) - 2¢'|Jv]
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is valid on U. Assuming that ||[v|U|| is non-constant, we can choose a non-empty
open interval I < im (||2v|U})) = R, such that

1—cos(td)  1—cos(t'A)
sin (tA)—tA  sin(£'A)—t'A

for all A € 1. Both sides of this equation are analytic in 4 and thus the equality holds
for all A # 0. Comparison of the least positive roots gives t = t', that is, T(v) consists
of at most two points {0, t} and we have case (1) of the theorem. If, on the other
hand, ||u{U|| is constant, then, in particular, V2(||v||*) = 0 on U. Now the formula for
{¥(v,t),v) above shows that x e M'— U implies that

0 = |lv|*¢V?v, v), —trace {R(Vv, v) Vo, v},
= v 1P (V2(lvl*)), — trace {Vv, v}7,

using the formula for R above, and so V2(||v]i?) = 0 on M'—U. Since M' = M is
dense we get V2(||v|>) > 0 on M and, by Hopf’s lemma [5, Vol II, p.338],
compactness of M implies that ||v|| is constant. Without loss of generality we may
assume that [[v|| = 1. Since the antipodal map of S" is an isometry, nZ < T(v) is
always satisfied. Thus either T(v) = nZ and we have case (2), or there exists
to € (0, ) n T(v). Then

C¥(v, to), vy = (cos (2ty)—1)trace { f,, Vo) = 0

and so trace { f,,, Vv) = 0. Using this and the fact that |[v]| is constant, one can easily
check that W(v, t) = O for all t € R, that is, v € V(f) and we have case (3). The proof
is complete.

Remark 1. Ifve J(f)and f, = exp o (tv), t € R, is harmonic in the direction z,v,
that is, if <{z(f),7,v) =0, then ve V(f). Indeed, the hypothesis implies that
{¥(v, t),v) = 0 and we can argue as above.

Remark 2. The Euler class of the tangent bundle of an even sphere is twice the
generator which, in the case when m = n and is even, yields that a harmonic map
S M — §" with nontrivial variation space V() must have Brouwer degree zero.

ReMArRk 3. The energy E(f) is constant along a harmonic variation
t - f, = expo(tv), ve V(f), since f, is a critical point of E for all t € R. In fact, a
more precise statement appears in [16], namely, that ve V(f) if and only if v € J(f)

and the energy density e(f,) = §tracel|(f,),]|% as a scalar on M, is the same for all
teR.

3. Rigidity
Let f: M — S" be a harmonic map and put

K(f) = {ve J(f)|trace {,, Vo) = O} .
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Then K(f) < J(f) is a linear subspace and, by Theorem 1,
V(f) = {ve K(f)||lv|l is constant} .

In what follows we compute K(i), where i : ™ — S", m < n, is the inclusion map.
By §" = R"*!, vectors tangent to S" are identified with their translates at the origin.
Then the canonical base vectors e, ,,...,e,+; € R"*! define k (=n-m)
orthonormal parallel sections W!, ..., W* of the normal bundle of i. Assuming that
v € K(i), the (orthogonal) decomposition

k
v=W+ Y (o, WHwi,  WeX(Sm),

j=1
splits the Jacobi equation J.» = 0 into the system
Ao, WiH4+mv, W) =0, j=1,..k,
VIW +(m—1)W =0

(cf. [16]). It follows that since the scalar (v, W7} is an eigenfunction of the Laplacian
on S™ it is the restriction of a homogeneous linear function on R™*! [1], that is,
there exists a unique vector b;e€ R™*! with (v,, Wi) = <b;, x>, x € S". Moreover,
denoting by f§ the 1-form on S™ that corresponds to W by duality, the last equation
can be rewritten as

AB-2m—1) =0.

On the other hand, 0 = trace (i,, Vv) = tracei,, VW) = —V*f and a result of
A. Lichnerowicz [7, Proposition 1, p.80], shows that Weso(m+1) is a Killing
vector field. The converse is obvious; thus we obtained the following.

LemMMA 1. For the canonical embedding i:S™ — S" the vector field v along i
belongs to K(i) if and only if the tangential part W of v is a Killing vector field and
there exist vectors by, ...,b, € R"*!, k = n—m, such that

k
v, = We+ Y (b, x> WL, xeS™,
=1

J

where {W', ..., W*} is the canonical orthonormal system of parallel sections of the
normal bundle of i.

m(m+1)

In particular, dim K(i) = +(n—m)(m+1) and K(ids,) = so(n+1). The

last equality, in the case when n # 2, follows from a sharper result of R. T. Smith
[13], in which he showed that Null(idg,) = n(n+1)/2 or, equivalently, that
J(idg) = so(n+1), if n # 2. Note, however, that, by the presence of conformal
diffeomorphisms, dim J(ids:) = 6 (cf. [12]). Furthermore, using Lemma 1, we have
the following.

ProrposiTioN.  If f: M — §" is a harmonic Riemannian submersion and v € K(f) is
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projectable, that is, if f(x) = f(x') implies that v, = v..,x, X' € M, then v = X o f,
where X € so(n+1). If, moreover, ve V(f) then f, = exp o (tv) = ¢, 0 f, t € R, where
(¢,) is the 1-parameter group of isometries induced by X .

Proof- As v takes its values in T(S") there is a unique vector field X on the
codomain §" such that v = X o f is valid. By choosing suitable local orthonormal
frames in M and in §” we obtain V2v = V*(X o f) = (V2X) o f (cf. [17, Proposition
2]) and hence

(V2X)o f = trace R(f,, v)f, = (trace R((idg), X)(ids.,)*>of.

Similarly, trace {f,,, Vo) = trace {(idsn),, VX) o f. These two equations imply that
X € K(idg) and so, applying Lemma 1 in the case when m = n, we get X € so(n+1).
If ve V(f) then || X]|| is constant and thus for any vector field Y on S" we have

Y, VX)) = =X,V X) = —3Y|IX|? = 0

(cf. [5]). It follows that V, X = 0 on S" or equivalently that every integral curve
t - ¢(x), te R, xeS", of X is a geodesic. Hence

fi(x) = exp (tv,) = exp (tX;) = ¢.(f(x))
for all x e M; this completes the proof.

A harmonic map f: M — S" is said to be infinitesimally rigid if for every
projectable ve K(f) there exists X € so(n+1) such that the equation v = X o f
holds. (Note that X o f € K(f) is always satisfied for X € so(n+1)). The map f is
locally rigid if for every projectable harmonic variation v there exists a 1-parameter
subgroup (¢,) € O(n+ 1) such that f, = exp o (tv) = ¢, o f for all t € R. (Obviously,
isometries of the codomain preserve infinitesimal and local rigidity.) The reason for
the use of K(f) to denote infinitesimal rigidity is that the set of all infinitesimal
isometries of S" precomposed by f forms a linear space which suggests a choice of
K(f) defined by linear constraints. As for local rigidity, for projectable
v=XofeK(f), we cannot expect expo (tX o f) = ¢, o0 f to be valid for all
t € R, where (¢,) denotes the 1-parameter group of isometries induced by X. Hence,
in the definition of local rigidity, we have to restrict ourselves to the subset
V(f) < K(f) (which is not a linear subspace in general, cf. [17]). Note that in all the
known examples, infinitesimal and local rigidities are equivalent. By the above
proposition, any harmonic Riemannian submersion is infinitesimally and locally
rigid.

THEOREM 2. The canonical inclusion map i : S™ — S" is infinitesimally and locally
rigid.

Proof. Let ve K(i) be fixed and consider the decomposition of v in Lemma 1.
For p,q e N, let M(p, q) be the vector space of (p x g)-matrices; M(p, q) = L(R? R?).
Finally, write Be M(k,m+1), k = n—m, for the matrix whose rows are
byy....,be R"*! and which occurs in the decomposition of v. By identifying the
tangent vectors of S"e R"*! with their translates at the origin, the vector field v
along f gives rise to a matrix A € M(n+1, m+1) with upper block W e so(m+1)
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and lower block B € M(k, m+ 1) such that v, = Ax holds for all x e ™. If Y € so(k) is
any skew-symmetric matrix then

(D) X=P;/ _}?T]eso(n+1)

is a Killing vector field on §" with v = X oi and hence i: " — §" is infinitesimally
rigid.
Now let v € V(i) with |{v]] = 1. Then, for x € §™, we have

1= [pl? = [l4x))> = <ATAx,x) = {(W'W+B"B)x, x),

that is, we get WW + BB = I_ ., (the identity). (In particular, by the identification

K(i) = so(m+1)x M(k,m+1) the variation space of i has the form

V(i) = R{(W,B)e K(i)| —-W?+B'B = I,,,,}.) To prove local rigidity, we have to

find Y €so(k) such that the corresponding Killing vector field X above has the

property that the integral curve t — ¢,(x) = ¢*x of X is a geodesic for all x e S™
2

This holds if and only ifgt—ze'xx = —e'¥x, that is, if and only if X2x = —x for all

x € S". By computing X? in terms of the blocks of X and using the fact that
—W?4+B'B =1,,,,, we have to choose Y € so(k) so as to satisfy the equality

BW+YB =0.

Letey,...,e,,, € R"*! be the canonical base vectors and let ¢y, ..., ¢, € R denote

the columns of B. Having in mind that the above equation must be valid we define

Y¢; = —BWe;, j = 1,...,m+1. Then Y is skew on the vectors ¢, ..., ¢, 4+, since
(Yc;,c;> = —(BWe;, Be;) = —(We;, B'Be;> = —(We;, (W*+1,,,,)e;)

= <eja W(W2+Im+1)ej'> = <ej7(W2+Im+l)Wej'>

(W2+1,,, 1)e;, We;> = (B'Be;, We,> = {Be;, BWe;>
= _<cj, YC_,">, J,ji=1,..,m+1.

Putting V = span{c, ..., cp+,} = R™*' we define

m+1 m+ 1
Yx= ) o;Y¢;=— ) o;B(We)eV,
j=1

j:l j=

m+1

where x = 21 a;c;e V. We have
=

{Yx,c;»

m+1 m+1
< ) “jYCj’Cj'> = Y ak¥e; ¢

i=1 j=1

m+1

= — -21 ailc;, Yepd = —<x, Ye;)
iz



ON RIGIDITY OF HARMONIC MAPPINGS INTO SPHERES 483

and so Y is well defined (that is, Yx does not depend on the particular
decomposition of x) and skew on V. Extending Y|V to a skew-symmetric linear
endomorphism Y € so(m+1) the equation BW + YB = 0 holds; this completes the
proof.

ReMARk 1. An immediate consequence of Theorem 2 is that any harmonic
Riemannian submersion f: M — S" onto a totally geodesic submanifold of S" is
infinitesimally and locally rigid.

Indeed, assuming that im f = S™ < S", any projectable vector field ¢ along f can
be written uniquely as v = wo f, where w is a vector field along the inclusion
i: 8™ — 8" If, moreover, ve K(f) then by choosing suitable local orthonormal
frames a similar computation as in the proof of Proposition 2 in [17] shows that

VZy = (V2w)o f = trace R(f,, v)f, = (trace R(i,, w)i,) o f

and trace {f,, Vv) = (trace {i,, Vw)) o f, that is, w € K(i). Thus Theorem 2 implies
the existence of a vector field X eso(n+1) with X oi = w and it follows that
X o f = v, which completes the proof in the infinitesimal case. As for local rigidity, if
ve V(f) is as above then we V(i) and, again by Theorem 2, we can choose
X eso(n+1) so as to satisfy VyX oi = 0. Thus V,X o f = 0 which implies local
rigidity of f.

RemarRk 2. From the proof of Theorem 2 we see that
V(idy) = so(n+1) n RSO(n+1), in particular, V(id,) = {0} for n even. (This
follows also from Remark 2 after Theorem 1.)

For odd spheres a stronger version of Theorem 2 is valid. First we state the
following lemma, due to A. Lee.

LemMA 2. Let Weso(m+1) and Be M(k,m+1) with ~W?*+B"B=1,,,. If
n = k+m is odd then the equation BW+YB = 0 has a solution Y such that the
corresponding matrix X in (D) belongs to so(n+1) n O(n+1).

Proof. We verify the statement for k > m+1 and m = 2r—1, r € N. (The other
cases can be treated similarly.) By the singular values decomposition of matrices,
there exist V e O(k) and U € O(m+ 1) such that B = VZUT, where

P

t=| o e M(k, m+1).
er

and p;, > ... > p,,. (The numbers p;, j = 1,...,2r, are often called the singular
values of B.) Then B'B = Udiag(p?,...,p3,)U” and using the equation
—-W?+B'B =1,,,, we have —W? = Udiag(l—p?,...,1—p2,)U". On the other
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hand, U diagonalizes W™W and hence, by an appropriate choice of U, we have
W = UAU" where

. 0o 1 A
A —_-d1ag<|:_l1 Ol:l,...,[_()/1 0'}>eso(m+l).
1 r

Thus, computing W? = UA*U", we get p,;_, = p,, that is, A} +6} = 1, where
0;=py, j=1,...,r. Because k—(m+1)=k—2r is even we can define
Y = V(A @ E)V" e so(k), where

E=diag([_(1J (1):!,...,[_(1) éDeso(k—b).

Then BW+YB = V(EA—EX)UT = 0 and a staightforward computation shows
that the matrix X in (D) is orthogonal; this completes the proof.

THEOREM 3. If n is odd and v is a harmonic variation of the canonical inclusion
map i: 8™ — S" then there exists a Killing vector field X € so(n+1) of constant norm
on §" such that v = X oi.

Proof. Keeping the notation of the proof of Theorem 2, let v € V (i), where ||| is
a constant, say 1, and write W eso(m+1) and Be M(k,m+1) for the matrices
defined by wv. Choosing Y eso(k) as in Lemma 2 we have v = X oi and
II1X,I> = ||Xx|I> = ||x|> = 1 for all x € §". Thus the theorem is proved.

Remark. Theorem 2 can also be proved by using the singular values
decomposition; however, we preferred to give an elementary and direct construction
for a solution of the equation BW +YB = 0 in so(k).

Returning to the general situation, let f: M — S" be an infinitesimally rigid
harmonic map and assume that im f < S, = exp (f,(T,(M)) for some x,€ M. If
ve V(f) is projectable then infinitesimal rigidity of f implies the existence of a
Killing vector field X e so(n+1) with v = X o f. Moreover, as || X o f|| = |[vl| is
constant it follows that ||X|| is constant on a relatively open neighbourhood of x; in
So- Thus || XSl is constant, that is, X o i, € V (i), where iy : Sq — S" is the canonical
inclusion. By local rigidity of i, there exists X € so(n+1) such that X oi, = X 0,
and the integral curves t — ¢,(x), t € R, of X are geodesics for all x € S,. Hence f is
locally rigid and we have proved the following.

THEOREM 4. Let f: M — S" be an infinitesimally rigid harmonic map with
im f < exp (f,(T,(M))) for some xo € M. Then f is locally rigid.

The condition for the image of f is satisfied if either f has maximal rank, with
surjective f,, at some xo € M, or f is totally geodesic. (In the latter case f maps
geodesics onto geodesics and a straightforward argument shows that im f < S"is a
totally geodesic submanifold.)

4. Metric spaces of locally rigid harmonic embeddings

Write Harm (M, §") for the set of all harmonic maps f: M — S". Two maps f
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and f' in Harm(M,S") are called equivalent, f ~ f, if there exist maps
f° .., f**'eHarm(M,S") and vectors v eV(f4), j=0,..,k, such that
fo=f f*'=f andexpov’ = fi*! j=0,..., k. Clearly ~ is an equivalence

k
relation. If f ~ f', write p(f, f”) for the infimum of the numbers ), [l/|| for which

=0
PeV(f), expov = 1, j=0,. .k and fO=f, f¥*1 = /' Thus p is a
distance function on the equivalence class N(f) < Harm (M, S") containing the
harmonic map f: M — S".

Our present aim is to determine to what extent N(f) depends on the particular
choice of f. In this way, for locally rigid harmonic embeddings f: M — §" (where
V(f') is the same for all f' € N(f)), the problem of describing N(f') is reduced to that
of describing N(i), where i : §™ — §" is the canonical inclusion map for some me N.

Let f: M — S" be a map and define the span of f by Sy(f) = S" N spanim f,
where im f is considered as a subset of R"*! (> §").

THEOREM 5. Let f:M — 8" be a locally rigid harmonic embedding with
m-dimensional span. Then there exists a bijection W : V(f) — V(i) preserving the

additive relations, where i: 8™ — S" is the inclusion map. Moreover the metric spaces
N(f) and N(i) are isometric.

Proof. We may suppose that the span of f is $" = S™. If ve V(f) then local
rigidity of f implies the existence of a Killing vector field X € so(n+ 1) such that we
have v = Xof and (V,X)of =0. Denote by F that (arcwise} connected
component of the zero locus of V,X which contains im f. As in the proof of
Theorem 2, F consists of eigenvectors of X2, that is, X2x = —||Xx||>x for all xe F.
The eigenvalues of X2 form a discrete set and hence || X|| is a constant, say c, on F
and F < $" on a totally geodesic submanifold, since it is the intersection of the linear
subspace ker (X2 —c2I,,,,) = R™*! with " c F; thus we obtain that X oie V(i).

If X eso(n+1) withv = X o f and (VgX)o f = 0 then (X—X)o f = 0. Since
the connected components of the zero locus of a Killing vector field are totally
geodesic submanifolds [4, Theorem 5.4, p. 62], it follows that (X — X) | S™ = 0, that
is, Xoi = X oi. Define ¥: V(f) = V(i) by ¥(v) = X oi, where X € so(n+1) with
Xof=v and (VyX)o f = 0. By the above reasoning, ¥ is well-defined and injective
and it preserves the additive relations. Local rigidity of the inclusion map i: S™ — S"
implies that ¥ is surjective, which proves the first statement. As for the second, define
®: N(f) = N(i) such that, for f" e N(f), ®(f’) is the inclusion of the span S,(f") of
f* into $". A straightforward argument shows that ® maps N(f) onto N(i)
isometrically; this completes the proof.

Remark. If f:T? > S§® is a harmonic embedding with e(f) =1 then
So(f) = S An easy computation shows that the geometric lattice of idg has the
form [17]

6
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and, by [17], there is no bijection ¥ : V(f) - V(idg) preserving the additive
relations. Again, we obtain that f is not locally rigid.

COROLLARY. Let f: M — S§" be a locally rigid harmonic embedding with n odd.
Then there exists a contractive surjection 0: N(idg,) = N(f).

Proof. By the previous theorem it is enough to consider the case when
f=1i:8"—> 8" For f'eN(ds), define 6(f') = f'oie N(i). Clearly, the map
0 : N(idg.) — N(i) is contractive. By Theorem 3 any v e V(i) can be extended to a
harmonic variation of idg, which implies that 8 is surjective.
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