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HARMONIC SUBMERSIONS ONTO 
NONNEGATIVELY CURVED MANIFOLDS 

G. TOTH (Budapest) 

O. Introduction 

In [3] D. TISCHLER proved that if F is an r-dimensional foliation of class C = on 
a compact manifold V such that F is defined by pointwise linearly independent closed 
1-forms cq . . . .  , ~,C AI(V) then V is the total space of a fibre bundle over the r-dimen- 
sional torus T ~. Moreover, this fibre bundle can be chosen arbitrarily close to the 
foliation F with respect to the C=-topology. The essential idea applied in the proof of 
Tischler's theorem was to approximate the cohomology classes of the 1-forms 
cq . . . .  , ~r by other ones with rational periods. But this proof does not give any in- 
formation about the structure group of the approximating fibre bundle. 

Nearly at the same time, A. LICHNEROWICZ [2] developed a powerful method for 
describing the intrinsic structure of compact oriented Riemannian manifolds with 
positive semidefinite generalized Ricci tensor field and by means of this method he 
proved that every Riemannian manifold M of this kind is the total space of a harmo- 
nic fibre bundle over the bl(M)-dimensional flat torus such that the bundle projection 
is nothing but the Jacobian J: M ~  T b~(u). Comparing these two results one might 
expect that the fibration theorem of Lichnerowicz should be valid for arbitrary compact 
oriented Riemannian manifolds by choosing a possibly smaller dimensional torus as 
a base space and, on the other hand, the geometric construction of this fibre bundle 
should give a deeper insight of the structure of approximating fibre bundle occurring 
in Tischler's theorem, in the harmonic case. Our result, in this direction, is the fol- 
lowing: 

THEOREM A. Let M be a compact oriented Riemannian manifold and denote q the 
codimension of  the linear subspace I consisting of  Killing vector fields X such that ix 
annihilate all the harmonic 1-forms of  M. Suppose that there is an r-dimensional foliation 
F defined by pointwise linearly independent harmonic 1-forms o91 . . . .  , og, EAI(M). 
I f  r<-q then there exist harmonic 1-forms ~o~, ..., o9~ such that o9~ is arbitrarily close to 
m i with respect to the C~ i--1 . . . .  , r, and the 1-forms o~ . . . .  , o9~ define 
a harmonic fibre bundle f :  M ~  T r (over theflat torus) withfinite structure group. 

Investigating the case when r = q we obtain the following: 

THEOREM B. Let M and q be as in Theorem A. Then there is a harmonic fibre 
bundle f :  M ~  T q with finite structure group. 

In the proofs of Theorems A and B the idea is to push together the image of the 
Jacobian J: M ~ T  bl(M) by means of composing J with an affme surjective map of 
T bl(u) onto a possibly less dimensional torus. This method can be applied to another 
situation as follows: 
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THEOREM C. Let M (with base point mo) and q be as in Theorem A and let N be a 
compact oriented Riemannian manifold with positive semidefinite Ricci tensor field. 
Suppose that there exists a harmonic surjective map h: M-*N with the properties: 

(i) I f  y is a curve starting from mo such that f h*[3 = 0 for every harmonic 1-form 
fl then 7 is a loop, 

(ii) b~(N)<-q. 
Then there exists a harmonic fibre bundle f: M-+T b~<N) with finite structure group. 

1. Preliminaries 

Throughout this note all manifolds, maps, bundles, etc. will be smooth, i.e. of 
class C =, unless stated otherwise. We shall use the terminology of [2]. 

Let M be a compact oriented Riemannian manifold with metric tensor (,)M, 
first Betti number bl(M) and base point m0. Suppose that this metric tensor is exten- 
ded to an inner product of tensors of any type on M. The global scalar product of 
p-forms ct, a'~AV(M) is defined by (a, a ' )=  f (., .')v, where v denotes the volume 

M 
element. The adjoint of the exterior differentiation d is denoted by 0 and the 1-forms 
occurring in the kernel of the Laplacian A = d - 0 + 0 .  d (i.e. the harmonic i-forms on 
M) form a linear space WM of dimension b~(M). Denote GM the maximal connected 
subgroup of the group of isometrics of M. Then GM is a compact Lie group and its 
Lie algebra LM can be identified with the Lie algebra of Killing vector fields on M. 
The ideal I~t= {XELMIiMCO=O for every co~'r contains the derived Lie algebra L~. 
Denote qM = codim IM = dim LM -- dim IM. The linear subspace WE ={coC.r =0 
for every XCL~t} has eodimension qM. Let PMC.Cg~t be the discrete subgroup of 
maximal rank which corresponds to H!(M; Z)  under the de Rham isomorphism 
HI(M; R)~W~t. If riM: k I ~ M  denotes the universal covering, with the class r~0E/l~ 
of null-homotopic loops as a base point, then there is a map ]M: 21~.r defined by 
]M(r'n)[co]=u(rh)--u(rho), with r~C2f/, coCW~ and 7r~,tco=du. This map can be 
projected down yielding a map JM: M ~ / P M  whose components with respect to 
flat coordinate neighbourhoods of Jg~t/PM are harmonic functions. B(M)=W~/P  M 
endowed with the flat metric is called the canonical torus of M and JM is the Jacobian. 
The Killing vector fields on M are projected down by JM to B(M) yielding uniform 
vector fields, i.e. (JM).: LM --"LB(M) is a Lie algebra homomorphism and, on the group 
level, it induces a homomorphism ]M: GM~GB<M), where GBr and Ln(M) denote 
the group of translations of B(M) and its Lie algebra, resp. Then JM" g=JM(g)" JM 
holds for every g~ GM and the ideal I~t corresponds to the subgroup D M = ker JM. 

The ideal IMCLM is a direct summand and so, [4], there exists a complementary 
ideal RMCLM, with RMOIM:LM, such that the connected subgroup QMCGM 
which corresponds to R M is closed. Thus QM is a central toroidal subgroup of G M 
and ]MIQ~: QM~GB(~vt) is a local isomorphism into G M with finite kernel HM~--- 
= QM A DM. Now let M and N be compact oriented Riemannian manifolds (with base 
points m0 and no, resp.). A map f :  M-~N is said to be harmonic if it is an extremal of 

1 
the energy functional E ( f ) = - - ~ . / ( f , ,  f,)v, where (f , ,  f , )  denotes the inner pro- 

duct of the vector bundle f*(T(N)) | T* (M) induced by the Riemannian metrics of 
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M and N. If  f :  M ~ N  is a harmonic, base point preserving map and the Ricci tensor 
field of N is positive semidefinite then, [4], there exists an affine map B( f ) :  B(M)~. 
-*B(N) such that B( f ) .  JM=Ju. f  holds. Especially, the Jacobian du is universal 
among the harmonic maps from M into flat tori. 

I f  there is no danger of confusion the subscripts M and N will be omitted. 

2. Proofs of Theorems A, B and C 

A. Let M be a compact oriented Riemannian manifold, moEM, and let q=  
codim I =  codim ~0 .  Consider a foliation F defined by the harmonic 1-forms o)1, ... 
. . . ,  tnrEoUg, with o)lA...Aco,#0 and r<-q. Then there exists e>0  such that for any 
r-tuple of harmonic 1-forms N1 . . . .  , N, Eoug, with Ilmi-~i[[ <e,  i--= 1, ..., r, the relation 
~ I A . . . A N , # 0  still holds where [[ "[I is induced by the global scalar product, i.e. 
the 1-forms N1 . . . . .  Nr define a foliation Fe-close to X. We state that there exist har- 
monic 1-forms ro~, ..., co ;E~  and a linear subspace g [ " c o ~  with the properties: 

(1) I Io )~ -~ l l  < ~  for every i=  1, ..., r, and so ~.A ...A~/, # 0  on M, 

(2) if o~f"c3r denotes the linear subspace spanned by c01 . . . .  , a~r then X"@ 
| 3r E0 d/t ~176 = d4 ~ (direct sum), 

(3) using the notation J ~ f = g d ' @ 3 f ' c d 4  '~ the images of P under the epimor- 
phisms k*: ~t'* ~X'*  and k'*: o~* ~ : f ' *  induced by the inclusions k: 3f 'cYt ~ and k' :  
Yd" c ~ ,  are discrete. 

In order to prove this statement we consider the torus O-=YC'/gt-~(P), where 
T: W ~ W *  is the isomorphism induced by the global scalar product on out'. The Lie 
algebra of 0 is Yg with the natural projection #: Jg '~0 as the exponential map. 

We define the 1-forms ~o~, ..., m; E~ct" inductively using that r<=q holds. 
At first let r be such that [lcol-o)~][<e, (Roo~)~gt~~ {0} and # ( R ~ ) c 0  

is closed. Assume that we defined o)i . . . .  , co" ~Eo~g. Then let co;E~ be such that 
][o~,-co~[[<e, the intersection of Rc0~ with the subspace spanned by the 1-forms 

�9 ~o' and ovg'0 is {0} and #(Road)cO is closed. (DI,  " " ,  i - - I  
Then, it is clear that (1) holds. Moreover, for the subspace ,"C' spanned by o~, ... 

. . . .  r the relation ~ , ( ~ 0 =  {0} is satisfied and #(Nr')cO is a closed subgroup. 
Let 5 C " ~ 9 f  be a subspace such that ~'@gf '"~)gf '~ and p(a"C")c0 is closed. 
Then (2) is also valid. Using the isomorphism T:  ogz~o~*, T [ ~ :  ~ o ~ f  "* and 
T [ ~ ' :  o~r'-*~ ''* the maps k*: o%,~ * and k'*: g~'*~3r r'* will correspond to 
the orthogonal projections a f ~ ' ~  and o~r~o% r ' ,  resp. Because p (s f )  and #(~" ')  
are closed subgroups of 0, the images of T-I(P) under these orthogonal projections 
are discrete, which accomplishes the proof of (3). 

I f  h ~ f ' c  g# denotes the inclusion then l* ok* =k'* holds and the epimorphisms 
k* and l* can be projected down so that the diagram 

191 j ,  o.4z. k* , ~ .  ~ *  ~ , .  

M s~ ,~*/P ~~247 g~*/k*(P) '~ ~ o~'*/k'*(P) 
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commutes. Endowing J~r*/k*(P)= Tq and :)ff'*/k'*(P)=T r with the flat metrics, we 
state that the harmonic map f =  lookooJ defines a fibre bundle f :  M ~  T r with finite 
structure group. At first we consider the harmonic map fo=kooJ. If  {W;+l . . . .  
.... o9~}c~"  is an arbitrary base then co~/~ ... Aco~#0 on M and the components of 

fo=k*o] with respect to the dual base {o~* . . . . .  ~ * } c d *  are given by for(.)= 
=f0(.)[ogi], t = l  . . . . .  q. If  u i, t = l  . . . .  , q, is a harmonic scalar on M with dui=z o~t 
then f0 i= ui and hence fo has maximal rank at every point of M. Thus f0 is a harmonic 
submersion onto Tq which means that f0 : M ~  T~ is a harmonic fibre bundle. Iden- 
tifying the translation group Gn~u} of B(M) with B(M) itself, we obtain a homo- 
morphism f0=k0.J: G ~ T  q which induces (f0).: L~LTq on the Lie algebra level, 
where LT, denotes the Lie algebra of uniform vector fields on Ta. Moreover, f0" g =  
=fo(g) "f0 holds for every gE G. We assert that folQ: Q ~ Tq is a local isomorphism. 
To prove this, it is enough to show that (f0).lR: R--,Lr~ is a monomorphism. Let 
O#XER and denote .~ the lift of X to ~r. Choose coE~C with ixco#O and let u be 
a harmonic scalar on ~ with du=r~*~o. Then, for the one-parameter group of trans- 
formations ~ induced by ~, we have ~o(rho)= m0 and ~0(r~0)=.~',~0. Differentiating 
the identity ](q3, (d,o))[co]=u((o,(No))-u(vho) at t = 0  we obtain that L(.~')0[co] = ixco, 
where the uniform vector field ] . ( ~ )  on ~ *  is identified with ].(-~)0E.~*. Thus 
] .  (-~)0 I ~  # 0, i.e. (fo). (~)  # 0 which proves that (f0), [R is a monomorphism. 

Because/o: T~ ~ T ~ is an affine map onto T ~, it follows that f :  M ~  T' is a har- 
monic fibre bundle, f01a: Q ~ Tq is a local isomorphism and so there is a closed sub- 
group 0 . c a  such that (i0.fo)10: 0-~Z" is a local isomorphism. Moreover, denot- 
ing f=10 "f0, we have f . g = f ( g ) - f f o r  every gEG. It follows that every orbit of the 
action of ~ on M is a finite covering space of T r by f and hence the structure group 
(ker f )  fq 0 of the bundle f :  M ~  T" is finite. 

B. Let ~ @ ~ ~  be an arbitrary decomposition and choose a base {eh . . . .  
.... coq} ~ :/l. Then wtA.., hog~ # 0  on M and thus Theorem A implies Theorem B. 

REMARK. Apart from the finiteness of the structure group, Theorems A and B 
are direct consequences of the Tischler's theorem. On the other hand, the finiteness of 
the structure group of the fibre bundle f :  M-~ T~ implies that M has a finite covering 
space which splits diffeomorphically as the product of T~ and the typical fibre. Indeed, 
this splitting can be achieved by pulling back the bundle f :  M-* Ta to a principal 
orbit of the action of 0. on M. 

C. Let M and N be compact oriented Riemannian manifolds with base points 
mo and no, resp. and suppose that the Ricci tensor field of N is positive semidefinite. 
I f  h: M ~ N  is a harmonic, base point preserving map then there exists an affine map 
B (h): B(M) ~ B(N) such that B(h). JM = J~" h holds. Denote f =  B (h). JM : M ~  B (N). 
Identifying the translation g roupof  B(M) with B(M) itself we obtain a homomor- 
phism putting f=B(h).JM: G M-~B(N). Moreover, f . g = f ( g ) . f  holds for every 
g~G M. Now, assume that h is surjeetive and that conditions (i) and (ii) are satisfir 
Because Ju is surjective [2] we obtain that f :  M-~B(N) is a surjective map, i.e. 
B(h) maps B(M) onto B (N). We assert that im JM 0 ker B(h) consists of a single point 
(which is necessarily the base point Xo=JM(mo) of B(M)). To prove this, it is enough 
to show that im ]MOker h*CPM, where h*: o ~ J ~  is the dual map of the pull- 
back via h, [4]. Put ~pE im ]zef) ker h*, i.e. there exists r~E/Qwith ~o=]M(r~) such 
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that ]M(rh)[h*fl]=0 holds for every flCd/t~ Let ~Crh a+nd denote ~: [0, 1]-+_a/7 the 
lifting of  7 to 3~/, i.e. ~(0)=rh0 and rc M. ~=7. If  h: 37r 2V denotes the lifting of  h 2 
M-+N then h.  rCM=rCN, h holds. For  every flCsr N define the harmonic scalar v a on N 
by va(~0)=0 and *c~vfl=dv p . Then 

0 -= L(r~)[h*fl] = vp(/~(n~0) = f d (v oa)= fa* ave = frcbh*~ = fh*~ 
"7 ~ 7 ,2 

holds. Applying (i) we obtain that rh is a homotopy class of  loops which means that 
9=](r~)=J(rhor~)-J(Fno)CPM. The relation im J u  ~ ker B(h)={Xo} on the Lie 
algebra level translates into the relation irn (JM), N "ker h, = {0}, where (JM), : LM 
~LB(M) and h, :  Le(M)~LB(N) are the induced Lie algebra hornomorphisms. Because 
dim (im(JM),)= > codlin 1M=qM we obtain that f , :  LM-~Ln(~)is surjective, i.e. 
f:  GM--*'GB(N) is an epimorphism. It follows that f[QM: QM-~gGB(N~ is a local iso- 
morphism and hence f :  M ~ B ( N )  is a harmonic fibre bundle with finite structure 
group k e r f  (q QM. 
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